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Abstract 

These notes collect the basic results in commutative algebra used in the rest of my 
notes and books. 

Contents 



1 Rings and algebras 3 

2 Ideals 4 

3 Noetherian rings 9 

4 Unique factorization 14 

5 Rings of fractions 17 

6 Integrality 23 

7 Artinian rings 32 

8 Direct and inverse limits 34 

9 Tensor Products 37 

10 Flatness 41 

1 1 Finitely generated projective modules 46 

12 Zariski's lemma and the Hilbert Nullstellensatz 53 

13 The spectrum of a ring 57 

14 Jacobson rings and max spectra 62 

15 Quasi-finite algebras and Zariski's main theorem 66 

16 Dimension theory for finitely generated algebras 73 

17 Primary decompositions 76 

1 8 Dedekind domains 80 

19 Dimension theory for noetherian rings 85 

20 Regular local rings 89 

21 Completions 91 

References 93 

Index 94 



©2009, 2010, 201 1, 2012, 2013 J.S. Milne. Single paper copies for noncommercial personal use may be 
made without explicit permission from the copyright holder. Available at www . jmilne . org/math/. 



1 



CONTENTS 



2 



Notations and conventions 

Our convention is that rings have identity elements, 1 and homomorphisms of rings respect 
the identity elements. A unit of a ring is an element admitting an inverse. The units of a ring 
A form a group, which we denote by 2 A x . Throughout "ring" means "commutative ring". 
Following Bourbaki, we let N = {0, 1,2, . . .}. For a field k, k al denotes an algebraic closure 
ofk. 

X CY X is a subset of Y (not necessarily proper). 

def 

X = Y X is defined to be Y , or equals Y by definition. 

X ss Y X is isomorphic to Y. 

X ~ Y X and Y are canonically isomorphic 

(or there is a given or unique isomorphism). 

Prerequisites 

A knowledge of the algebra usually taught in advanced undergraduate or first-year graduate 
courses. 

References 

A reference to monnnn is to question nnnn on mathoverflow.net. 
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An element e of a ring A is an identity element if ea = a = ae for all elements a of the ring. It is usually 
denoted 1^4 or just 1. Some authors call this a unit element, but then an element can be a unit without being a 
unit element. Worse, a unit need not be the unit. 

2 This notation differs from that of Bourbaki, who writes A x for the multiplicative monoid A v {0} and A* 
for the group of units. We shall rarely need the former, and * is overused. 
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1 Rings and algebras 

A ring is an integral domain if it is not the zero ring and if aft = in the ring implies that 
a = or b = 0. 

Let ^4 be a ring. A subring of ^4 is a subset that contains I a and is closed under addition, 
multiplication, and the formation of negatives. An A-algebra is a ring B together with a 
homomorphism ig-.A—^B. A homomorphism of ^4-algebras S — > C is a homomorphism 
of rings (p.B—^-C such that cpQ^fci)) = ic(a) for all a € A. 

Elements X\,...,x n of an ^4-algebra B are said to generate it if every element of B can 
be expressed as a polynomial in the x ; - with coefficients in zg (A), i.e., if the homomorphism 
of ^4-algebras A[X\ X n ] — > B acting as ig on A and sending X[ to x ; - is surjective. 

When A C B and Xi , . . . ,x n e 5, we let 4[xi , . . . , x n ] denote the ^4-subalgebra of B 
generated by the x\ . 

A ring homomorphism A — > B is of yimYe ty/^ and B is a finitely generated ^4-algebra, 
if B is generated by a finite set of elements as an ^4-algebra, i.e, if B is a quotient of a 
polynomial ring A[X\ X n ]. An ^4-algebra B is finitely presented if it is the quotient of 
a polynomial ring k[X\ , . . . , X n ] by a. finitely generated ideal. 

A ring homomoiphism ^4 — >• B is finite, and 5 is a finite 3 ^4-algebra, if 5 is finitely 
generated as an A -module. If A B and B — > C are finite ring homomorphisms, then so 
also is their composite ^4 — > C. 

Let be a field, and let ^4 be a /t-algebra. When 1,4 ^ 0, the map /t — > A is injective, 
and we can identify k with its image, i.e., we can regard A: as a subring of A. When 1^ = 0, 
the ring A is the zero ring {0}. 

Let A[X] be the ring of polynomials in the symbol X with coefficients in A. If A is an 
integral domain, then deg(/g) = deg(/) + deg(g), and so A[X] is also an integral domain; 
moreover, ^[X] x = A*. 

Let A be an integral domain and an algebra over a field k. If A is finite over k (more 
generally, if every element of A is algebraic over k), then A is a field. To see this, let a be a 
nonzero element of A. Because A is an integral domain, the k -linear map x \-+ ax: A — > A 
is injective, and hence is surjective if A is finite, which shows that a has an inverse. More 
generally, if a is algebraic over k, then k [a] is finite over k, and hence contains an inverse of 
a ; again A is a field. 

Products and idempotents 

An element e of a ring A is idempotent if e 2 = e. For example, and 1 are both idempotents 
— they are called the trivial idempotents. Idempotents e\,...,e n are orthogonal if e x \ej = 
for (' ^ j . Every sum of orthogonal idempotents is again idempotent. A set {e\ , . . . , e n } of 

orthogonal idempotents is complete if e\ H V e n = L Every set of orthogonal idempotents 

{ei,.,.,e n } can be made into a complete set of orthogonal idempotents by adding the 

idempotent e = 1 — (e\ H he„). 

If A = A\ x ••• x A n (direct product of rings), then the elements 

ei = (0,...,i,...,0), 1 <i<n, 

3 This is Bourbaki's terminology (AC V §1, 1). Finite homomorphisms of rings correspond to finite maps of 
varieties and schemes. Some other authors say "module-finite". 
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form a complete set of orthogonal idempotents in A. Conversely, if {e\, . , . , e n } is a com- 
plete set of orthogonal idempotents in A, then Aei becomes a ring 4 with the addition and 
multiplication induced by that of A, and A ~ Ae\ x • • • x Ae n . 

2 Ideals 

Let /I be a ring. An ideal a in A is a subset such that 

o a is a subgroup of A regarded as a group under addition; 

o a e a, r e A ==>■ ra e o. 
The ufea/ generated by a subset S of A is the intersection of all ideals a containing S — it 
is easy to verify that this is in fact an ideal, and that it consists of all finite sums of the form 
^2nsi with r; e A, Si e S. The ideal generated by the empty set is the zero ideal {0}. When 
S = {a,b, . . .}, we write (a, b, . . .) for the ideal it generates. 

An ideal is principal if it is generated by a single element. Such an ideal (a) is proper if 
and only if a is not a unit. Thus a ring A is a field if and only if I a ^ and A contains no 
nonzero proper ideals. 

Let a and b be ideals in A. The set {a + b \ a e a, b e b} is an ideal, denoted a + b. The 
ideal generated by {ab \ a e a, b e b} is denoted by ab. Clearly ab consists of all finite 
sums J2 a 'bi w i tn a i € a an d bi € &» an ^ if a = {a\,...,a m ) and b = (bi,,..,b n ), then 
ab = (aib\, . . .,ciibj,. . .,a m b„). Note that ab C aA = a and ab C Ab = b, and so 

abcanb. (1) 

The kernel of a homomorphism A — > B is an ideal in A. Conversely, for every ideal a in 
a ring A, the set of cosets of a in A forms a ring A /a, and a \-+ a + a is a homomorphism 
<p: A — > ^4/a whose kernel is a. There is a one-to-one correspondence 

{ideals of ^4 containing a} < > {ideals of A/ a}. (2) 

For an ideal b of A, (p~ l (p(b) = a+ b. 

The ideals of Ax B are all of the form a x b with a and b ideals in A and B . To see 
this, note that if c is an ideal in Ax B and (a,b) e c, then (a,0) = (l,0)(a,b) e c and 
(0,6) = (0, \)(a,b) € c. Therefore, c = ax b with 

a = {a | (a,0) e c}, b = {b \ (0,b) e c}. 

An ideal p in A is prime if p 7^ ^4 and ab 6 p =>• a e p or 6 e p. Thus p is prime if and 
only if the quotient ring A/p is nonzero and has the property that 

ab = =>■ a = or b = 0, 

i.e., A/p is an integral domain. In particular, the zero ideal is prime if and only if the ring is 
an integral domain. Note that if p is prime and a\---a n 6 p, then at least one of the a\ e p 
(because either a\ e p or ai ■ ■ -a n S p; if the latter, then either a^ e p or #3 ■ --an € p; etc.). 
When p is prime, we write /c(p) for the field of fractions of A/p. 

4 But Aei is not a subring of A if n ^ 1 because its identity element is e ; - 7^ l^j. However, the map a 
aei : A — > ^e,- realizes /4e,- as a quotient of v4. 
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An ideal m in A is maximal if it is a maximal element of the set of proper ideals in A. 
Therefore an ideal m is maximal if and only if the quotient ring A/ra is nonzero and has no 
proper nonzero ideals (by (2)), and so is a field. Note that 

m maximal =>• m prime. 

A multiplicative subset of a ring A is a subset S with the property: 

IsS, a,b s S =>► ab € S. 

For example, the following are multiplicative subsets: 

the multiplicative subset {1, f r , .. .} generated by an element / of A; 
the complement of a prime ideal (or of a union of prime ideals); 

def 

l + a = {l+a|aeo}for any ideal o of A. 

Proposition 2. 1 . Let S be a subset of a ring A, and let a be an ideal disjoint from S. 
The set of ideals in A containing a and disjoint from S contains maximal elements (i.e., an 
element not properly contained in any other ideal in the set). If S is multiplicative, then 
every such maximal element is prime. 

PROOF. The set £ of ideals containing a and disjoint from S is nonempty (it contains a). 
If A is noetherian (see §3 below), £ automatically contains maximal elements. Otherwise, 
we apply Zorn's lemma. Let b\ C b2 C ■■• be a chain of ideals in S, and let b =(Jb/. 
Then b e S, because otherwise some element of S lies in b, and hence in some b, , which 
contradicts the definition of S. Therefore b is an upper bound for the chain. As every chain 
in S has an upper bound, Zorn's lemma implies that S has a maximal element. 

Now assume that S is a multiplicative subset of A, and let c be maximal in E. Let 
bb' e c. If b is not in c, then c + (b) properly contains c, and so it is not in S. Therefore 
there S contains an element in c + (b), say, 

/ = c + ab, c € c, a e A. 

Similarly, if b' is not in c, then S contains an element 

f' = c' + a'b, c'ec, a'sA. 

Now 

//' = cc' + abc' + a'b'c + aa'bb' € c, 

which contradicts 

Therefore, at least one of b or V is in c, which is therefore prime. □ 
COROLLARY 2.2. Every proper ideal in a ring is contained in a maximal ideal. 
Proof. Apply the proposition with S = {1}. □ 
The radical rad(a) of an ideal a is 

{/ e A I f € a, some r e N, r > 0}. 
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An ideal a is said to be radical if it equals its radical. Thus a is radical if and only if the 
quotient ring A/ a is reduced, i.e., without nonzero nilpotent elements (elements some power 
of which is zero). Since integral domains are reduced, prime ideals (a fortiori maximal 
ideals) are radical. The radical of (0) consists of the nilpotent elements of A — it is called 
the nilradical of A. 

If b <e» b' under the one-to-one correspondence (2) between ideals of A and ideals of 
A /a, then A/b ~ (A/a)/b', and so b is prime (resp. maximal, radical) if and only if b' is 
prime (resp. maximal, radical). 

Proposition 2.3. Let a be an ideal in a ring A. 

(a) The radical of a is an ideal. 

(b) rad(rad(a)) = rad(a). 

PROOF, (a) If / e rad(a), then clearly af € rad(o) for all a e A. Suppose that a, b e rad(a), 
with say a r e a and b s e o. When we expand (a + b) r+s using the binomial theorem, we 
find that every term has a factor a r or b s , and so lies in a. 

(b) If a r e rad(o), then a rs = (a r ) s e a for some s > 0, and so a e rad(a). □ 

Note that (b) of the proposition shows that rad(a) is radical. In fact, it is the smallest 
radical ideal containing o. 

If o and b are radical, then a H b is radical, but a + b need not be: consider, for example, 
o = (X 2 - Y) and b = (X 2 + Y); they are both prime ideals in k[X, Y] (by 4.10 below), but 
o + b = (X 2 , Y), which contains X 2 but not X. 

Proposition 2.4. The radical of an ideal is equal to the intersection of the prime ideals 
containing it. In particular, the nilradical of a ring A is equal to the intersection of the prime 
ideals of A. 

PROOF. If a = A, then the set of prime ideals containing it is empty, and so the intersection 
is A. Thus we may suppose that a is a proper ideal of A. Then rad(a) C HpDaP t> ecause 
prime ideals are radical and rad(a) is the smallest radical ideal containing a. 

For the reverse inclusion, let / ^ rad(a). According to Proposition 2.1, there exists a 
prime ideal containing a and disjoint from the multiplicative subset {!,/,,..}. Therefore 



Definition 2.5. The Jacobson radical 2 of a ring is the intersection of the maximal ideals 



A ring A is local if it has exactly one maximal ideal. For such a ring, the Jacobson 
radical is m. 

Proposition 2.6. An element c of A is in the Jacobson radical of A if and only if l—ac 
is a unit for alia e A. 

PROOF. We prove the contrapositive: there exists a maximal ideal m such that c m if and 
only if there exists an a e A such that l — ac is not a unit. 

•<=: As 1 — ac is not a unit, it lies in some maximal ideal m of A (by 2.2). Then c m, 
because otherwise 1 = (1 — ac) + ac em. 

Suppose that c is not in the maximal ideal m. Then m + (c) = A, and so 1 = m + ac 
for some mem and a e A. Now l—ac em, and so it is not a unit. □ 



□ 



of the ring: 




m | m maximal in A}. 
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Proposition 2.7 (prime avoidance). Letp\,..,,p r , r > 1, beidealsinA withp 2 ,...,p r 
prime. If an ideal o is not contained in any of the p, , then it is not contained in their union. 

PROOF. When r = 1, there is nothing to prove, and so we may assume that r > 1 and 
(inductively) that the statement is true for r — 1 . Then a is not contained in the union of the 
ideals p\, ... ,pi-\,pi+\, ... ,p r , and so there exists ana,- e a\ U 7 _^ ; - p 7 -. If some a , does 
not lie in p,-, then that a, 6 o\Ui<i<r Pi' anc ^ tne P ro °f 1S complete. Thus suppose that 
every a,- e p; , and consider 

a = ci\ ■■■a r -\ +a r e a. 

I claim that a belongs to no p, . Because p r is prime and none of the elements a\ , . . . , a r -i 
lies in p r , their product does not lie in p r ; as a r e p r , we see that a p r . Next consider a 
prime pi with /' < r — 1. In this case a \ ■■■a r -\ e p, because the product involves at, but 
a r pi , and so again a ^ p,- . This completes the proof. □ 

Aside 2.8. In general, the condition in (2.7) that the ideals p2,. ..,p r be prime is necessary: the 
ideal (x,y) in ¥ 2 [x, y] is the union of three smaller nonprime ideals. However, when A contains an 
infinite field, the condition can be dropped (see mo 108594, Mohan). 

Extension and contraction of ideals 

Let cp: A —> B be a homomorphism of rings. 

Notation 2.9. For an ideal b of B, cp~ l (b) is an ideal in A, called the contraction of b to 
A, which is often denoted b c . For an ideal a of A, the ideal in B generated by (p(a) is called 
the extension of a to B, and is often denoted a e . When (p is surjective, (p(a) is already an 
ideal, and when A is a subring of B, b c = b H A. 

2.10. There are the following equalities (a, a' ideals in A; b, b' ideals in B): 
(a+oT = a e + a /e , (aa') e = aV e , (b n b'f = b c n b' c , rad(b) c = rad(b c ). 

2.11. Obviously (i) a C a ec and (ii) b ce C b (a an ideal of A; b an ideal of B). On applying 
e to (i), we find that a e C a ece , and (ii) with b replaced by a e shows that a ece C o e ; therefore 
a e = a ece . Similarly, b cec = b c . It follows that extension and contraction define inverse 
bijections between the set of contracted ideals in A and the set of extended ideals in B : 

{b c C A | b an ideal in B) <^ a > {a e C B \ a an ideal in ^4} 

b c -«-ifa 

Note that, for every ideal bin B, the map ^4/b c B/b is injective, and so b c is prime 
(resp. radical) if b is prime (resp. radical). 

The Chinese remainder theorem 

Recall the classical form of the theorem: let d\,...,d n be integers, relatively prime in pairs; 
then for any integers X\, x n , the congruences 

x = Xi mod dj 

have a simultaneous solution xeZ; moreover, if x is one solution, then the other solutions 
are the integers of the form x + md with meZ and d = Y[di ■ 
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We want to translate this in terms of ideals. Integers m and n are relatively prime if and 
only if (m,n) = Z, i.e., if and only if (m) + (n) = Z. This suggests defining ideals a and b 
in a ring A to be relatively prime (or coprime) if a + b = A. 

If mi, ... ,1711c are integers, then (~)(nii) = (m) where m is the least common multiple of 
the nii . Thus D (]~[ m,- ), which equals [](«, ). If the m,- are relatively prime in pairs, 

then m = Y\nii, and so we have (~\( m i) = Note that in general, 

oi-02 "-an c oi no2n...no H , 

but the two ideals need not be equal. 

These remarks suggest the following statement. 

Theorem 2.12 (Chinese Remainder Theorem). Let ai,...,a n be ideals in a ring A. 
If Oi is relatively prime to a/ whenever i ^ / , then the map 

a h»- (. ..,a + <Xi,...):A ^4/oi x ••• x /4/a„ (3) 

is surjective with kernel f\ 0/ (so f| a, = H o; )■ 

PROOF. Suppose first that « = 2. As ai + 02 = A, there exist a,- e a,- such that a 1 + ai = 1. 
Then 01X2 + ^2*1 maps to (xi modai,X2 moda2), which shows that (3) is surjective. 
For each i, there exist elements a,- e 01 and b\ e a/ such that 

«i + = 1> all i > 2. 

The product ]~[/>2( a ' + = 1> an ^ h es m a i + I~L>2 a i > an( ^ so 

ai + ri a/ = a - 

i>2 

We can now apply the theorem in the case n = 2 to obtain an element yi of A such that 

y\ = 1 mod ai , ji = mod J~~J a,- . 

i>2 

These conditions imply 

y 1 = 1 mod oi, y\ = mod a/, all j > 1. 
Similarly, there exist elements j2, ■■•,yn sucn mat 

j,- = 1 mod a, , yi = mod ay for 7 ^ 2" . 

The element x = Y^xtyi maps to (xi modai, . . . ,x„ moda«), which shows that (3) is 
surjective. 

The kernel of the map is f] Oj , and so it remains to prove that f] at — YI a i ■ Obviously 
Y\CLi Cf| a/. Suppose first that n = 2, and let ci \ + a 2 = 1, as before. For c € a\ D 02, we 
have 

C = «lC +«2C £ Oi -02 

which proves that ai D 02 = O1O2. We complete the proof by induction. This allows us to 
assume that ]~[/>2 a i = C\i>2 a i ■ We showed above that ai and ]~[/>2 a i are relatively prime, 
and so 

^■(n,>2 a =ain (n ; >2 a 

by the n = 2 case. Now 01 ■ (Ui>2 a i) = l~L>i a i and a i n (lli>2 a = a l n (Hi>2 a i) = 
f)i > 1 o, , which completes the proof. □ 
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3 Noetherian rings 

Proposition 3.1. The following three conditions on a ring A are equivalent: 

(a) every ideal in A is finitely generated; 

(b) every ascending chain of ideals Oi C a% C •• • eventually becomes constant, i.e., for 
somem, a m = a m +i = ••• . 

(c) every nonempty set of ideals in A has a maximal element. 

PROOF, (a) =4> (b): If oi C 02 C • • • is an ascending chain, then a = [J a; is an ideal, and 
hence has a finite set {a\, . . . ,a n } of generators. For some m, all the a,- belong a m , and then 

&m = im+i = ■■■ = 0. 

(b) =>• (c): Let £ be a nonempty set of ideals in A. If E has no maximal element, then 
the axiom of dependent choice 5 shows that there exists a strictly ascending sequence of 
ideals in E, which contradicts (b). 

(c) =>• (a): Let a be an ideal, and let E be the set of finitely generated ideals contained 
in a. Then E is nonempty because it contains the zero ideal, and so it contains a maximal 
element c = {a\, . . .,a r ). If c ^ a, then there exists an element aeo\c, and (a\, . . . ,a r ,a) 
will be a finitely generated ideal in a properly containing c. This contradicts the definition of 
c □ 

A ring A is noetherian if it satisfies the equivalent conditions of the proposition. For 
example, fields and principal ideal domains are noetherian. On applying (c) to the set of all 
proper ideals containing a fixed proper ideal, we see that every proper ideal in a noetherian 
ring is contained in a maximal ideal. We saw in (3.6) that this is, in fact, true for every ring, 
but the proof for non-noetherian rings requires Zorn's lemma. 

A quotient A/ a of a noetherian ring A is noetherian, because the ideals in A/ a are all of 
the form b/a with b an ideal in A, and every set of generators for b generates b/a. 

Proposition 3.2. Let A be a ring. The following conditions on an A-module M are 
equivalent: 

(a) every submodule of M is finitely generated (in particular, M is finitely generated); 

(b) every ascending chain of submodules M\ C M2 C ■ • • eventually becomes constant. 

(c) every nonempty set of submodules of M has a maximal element. 

PROOF. Essentially the same as that of (3.1). □ 

An yl-module M is noetherian if it satisfies the equivalent conditions of the proposition. 
Let aA denote A regarded as a left ^4-module. Then the submodules of ^A are exactly the 
ideals in A, and so aA is noetherian (as an ^4-module) if and only if A is noetherian (as a 
ring). 

Proposition 3.3. Let 

-> M' M M" -+ 

be an exact sequence of A-modules. 

5 This says: Let R be a binary relation on a nonempty set X, and suppose that, for each a in X, there exists 
a b such that aRb; then there exists a sequence (fl n )„gN of elements of X such that a n Ra n +\ for all n. It is 
strictly stronger than the axiom of countable choice but weaker than the axiom of choice. See the Wikipedia 
(axiom of dependent choice). 
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(a) IfNcPare submodules of M such that a (M') (1 N = a (M') n P and f} (N) = 
fi(P), thenN = P. 

(b) If M' and M" are finitely generated, so also is M . 

(c) M is noetherian if and only if M' and M" are both noetherian. 

PROOF, (a) Let x e P. The second condition implies that there exists a y e TV such 
that P(y) = P(x). Now /3(x - y) = 0, and so x - y e aM' n P = aM' n AT. Thus x = 
(i-y) + jeiV. 

(b) Let S' be a finite set of generators for M, and let S" be a finite subset of M such 
that fiS" generates M" . The submodule N of M generated by aS' U 5" is such that 
aM' n TV = aM' and = AT". Therefore (a) shows that N = M. 

(c) =>■: An ascending chain of submodules of M' or of M" gives rise to an ascending 
chain in M, and therefore becomes constant. 

<=: Consider an ascending chain of submodules of M. As M" is Noetherian, the image 
of the chain in M" becomes constant, and as M' is Noetherian, the intersection of the chain 
with aM' becomes constant. Now the (a) shows that the chain itself becomes constant. □ 

For example, a direct sum 

M = Mi © M 2 

of ^4-modules is noetherian if and only if M\ and Mi are both noetherian. 
PROPOSITION 3.4. Every finitely generated module over a noetherian ring is noetherian. 

PROOF. Let M be a module over a noetherian ring A. If M is generated by a single element, 
then M ss A/ a for some ideal o in A, and the statement is obvious. We argue by induction on 
the minimum number n of generators of M. Clearly M contains a submodule N generated 
by n — 1 elements such that the quotient M/ N is generated by a single element, and so the 
statement follows from (3.3). □ 

Proposition 3.5. Every finitely generated module M over a noetherian ring A contains a 
finite chain of submodules M D M r D • • O M\ D such that each quotient Mi /M,_i is 
isomorphic to A/ pi for some prime ideal p,- . 

PROOF. The annihilator of an element x of M is 

def 

ann(x) = {a € ^ | ax = 0}. 

It is an ideal in A, which is proper if x ^ 0. I claim that every ideal a that is maximal 
among the annihilators of nonzero elements of A is prime. Let a = ann(x), and let ab e a, 
so that abx = 0. Then a C (a) + a C mn(bx). If b £ a, then bx ^ 0, and so a = ann(6x) 
by maximality, which implies that a e a. 

We now prove the proposition. Note that, for every x e M, the submodule Ax of M is 
isomorphic to ^4/ann(x). If M is nonzero, then there exists a nonzero x such that ann(x) 
is maximal, and so M contains a submodule M\ = Ax isomorphic to A /pi with pi prime. 
Similarly, M/M\ contains a submodule M2/M1 isomorphic A/p2 for some prime ideal p2, 
and so on. The chain C Mi C M2 C ■ ■ • terminates because M is noetherian (by 3.4). □ 

Aside 3.6. The proofs of (2.1) and (3.5) are two of many in commutative algebra in which an ideal, 
maximal with respect to some property, is shown to be prime. For a general examination of this 
phenomenon, see Lam and Reyes, J. Algebra 319 (2008), no. 7, 3006-3027. 
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Theorem 3.7 (Hilbert Basis Theorem). Every finitely generated algebra over a noethe- 
rian ring is noetherian. 

PROOF. Let A be noetherian. Since every finitely generated ^4-algebra is a quotient of a 
polynomial algebra, it suffices to prove the theorem for A[X\ ,...,X n ]. Note that 

A[X 1 ,...,X n ] = A[X l ,...,X n - l ][X n ]. (4) 

This simply says that every polynomial / in n symbols X\ , . . . , X n can be expressed uniquely 
as a polynomial in X n with coefficients in k[X\ X n -\], 

f{X\,...,X n ) = ao(X\, . . . ,X n -\)X„ -\ \-a r (Xi,...,X n -i). 

Thus an induction argument shows that it suffices to prove the theorem for A[X]. 
Recall that for a polynomial 

f(X) = c X r + Cl X r ~ l +-- + c r , c t eA, c ^0, 

Co is the leading coefficient of /. 

Let o be an ideal in A[X], and let a(i) be the set of elements of A that occur as the 
leading coefficient of a polynomial in a of degree i (we also include 0). Then a(i) is 

obviously an ideal in A, and a(i — 1) C a(i) because, if cX l ~ l -\ e a, then so also does 

XicX 1 ' 1 +•••)■ 

Let b be an ideal of A[X] contained in o. Then b(i) C a(i), and if equality holds for all 
i, then b = a. Indeed, let / be a polynomial of degree i in a. Because b(i) = a(i), there 
exists a. g eb such that deg(/ — g) < deg /. On repeating this argument with / — g, we 
eventually find that /eb. 

As A is noetherian, the sequence of ideals 

o(l) C o(2) C ••• C o(/) C ••• 

eventually becomes constant, say, a(d) = a(d + 1) = . . . (and then o(af) contains the lead- 
ing coefficients of all polynomials in o). For each i < d, choose a finite generating set 
{en , Ci2, ■ ■ ■} for a(i), and for each (/, j), choose a polynomial fy 6 oof degree i with lead- 
ing coefficient c,y . The ideal b generated by the fy is contained in o and has the property 
that b(i) = a(i) for all i. Therefore b = a, and o is finitely generated. □ 

COROLLARY 3.8. When R is noetherian, every finitely generated R-algebra is finitely 
presented. 

Proof. Obvious. □ 

NAKAYAMA'S Lemma 3.9. Let A be a ring, let o be an ideal in A, and let M be an A- 
module. Assume that a is contained in all maximal ideals of A and that M is finitely 
generated. 

(a) IfM = oM, then M = 0. 

(b) If N is a submodule of M such that M = N + aM, then M = N. 
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PROOF, (a) Suppose that M/0. Choose a minimal set of generators {e%, . . , ,e n } for M, 
n > 1 , and write 

e\=a\e\-\ \-a„e n , at e a. 

Then 

(l-<3i)ei =a 2 e 2 -\ Va n e n 

and, as 1 — a\ lies in no maximal ideal, it is a unit. Therefore e%, . . . , e n generate M, which 
contradicts the minimality of the original set. 

(b) The hypothesis implies that M/N = a(M/N), and so M/N = 0. □ 

Recall (2.5) that the Jacobson radical 3 of A is the intersection of the maximal ideals of 
A, and so the condition on a is that oCj. In particular, the lemma holds with a = 5; for 
example, when A is a local ring, it holds with a the maximal ideal in A. 

Corollary 3.10. Let A be a local ring with maximal ideal m and residue field k = A/m, 
and let M be a finitely generated module over A. The action of A on M/ mM factors through 
k, and elements a\,...,a n of M generate it as an A-module if and only if the elements 

a i + mM, ...,a„+ mM 

span M/mM as k -vector space. 

PROOF. If a\, . . . ,a„ generate M, then it is obvious that their images generate the vector 
space M/mM. Conversely, suppose that a\ + mM, ...,a n + mM span M/mM, and let N 
be the submodule of M generated by a i , . . . , a n . The composite N — > M — > M/ mM is 
surjective, and so M = N + mM. Now Nakayama's lemma shows that M = N . □ 

COROLLARY 3.11. Let A be a noetherian local ring with maximal ideal m. Elements 
a i , . . . , a„ ofm generate m as an ideal if and only if a\ + m 2 , . . . ,a n + m 2 span m/m 2 as a 
vector space over A/m. In particular, the minimum number of generators for the maximal 
ideal is equal to the dimension of the vector space m/m 2 . 

PROOF. Because A is noetherian, m is finitely generated, and we can apply the preceding 
corollary with M = m. □ 

Example 3.12. Nakayama's lemma may fail if M is not finitely generated. For example, 
let Z(p) = | p does not divide n) and consider the Zq,) -module Q. Then Z(p) is a local 
ring with maximal ideal (p) (see §5 below) and Q = pQ but Q ^ 0. 

Definition 3.13. Let A be a noetherian ring. 

(a) The height ht(p) of a prime ideal p in A is the greatest length d of a chain of distinct 
prime ideals 

P = Prf Dpd-i => — D p . (5) 

(b) The (Krull) dimension of A is sup{ht(p) | p C A, p prime}. 

Thus, the Krull dimension of a ring A is the supremum of the lengths of chains of prime 
ideals in A (the length of a chain is the number of gaps, so the length of (5) is d). For 
example, the integral domains of dimension are the fields. The height of a nonzero prime 
ideal in a principal ideal domain is 1 , and so such a ring has Krull dimension 1 (provided it 
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is not a field). It is sometimes convenient to define the Krull dimension of the zero ring to be 
-1. 

We shall see in §19 that the height of every prime ideal in a noetherian ring is finite. 
However, the Krull dimension of the ring may be infinite, because it may contain a sequence 
of prime ideals whose heights tend to infinity (Krull 1938). 6 

Lemma 3.14. In a noetherian ring, every set of generators for an ideal contains a finite 
generating set. 

PROOF. Let S be a set of generators for a, and let a' be maximal among the ideals generated 
by finite subsets of S. Then o' contains every element of S (otherwise it wouldn't be 
maximal), and so equals a. □ 

Theorem 3.15 (Krull Intersection Theorem). Let a be an ideal in a noetherian 
ring A. If a is contained in all maximal ideals of A, then (~] n>l a" = {0}. 

PROOF. We shall show that, for every ideal a in a noetherian ring, 

Pi a" = o-n a". (6) 

When a is contained in all maximal ideals of A, Nakayama's lemma then shows that f\>l a " 
is zero. 

Let a\,...,a r generate a. Then a" consists of finite sums 

^ Ci\—i r (l\'"tty? Ci\—i r £ A. 
z'l H h i, =n 

In other words, a" consists of the elements of A of the form g{a\ , . . .,a r ) for some homoge- 
neous polynomial g(X\ ,...,X r ) e A[X\ , . . . , X r ] of degree n. 

Let S m denote the set of homogeneous polynomials / of degree m such that f (a\, . . . ,a r ) e 
f\>i a "' an d l et c ^ e the ideal in A[X\ X r ] generated by \J m S m . Because A[X\ X r ] 
is noetherian, c is finitely generated, and so c is generated by a finite set {fx,.,., fg} of 
elements of \J m S m . Let d, = deg f , and let d = maxd; . 

Let b € Pl«>i a "' tnen b e a d+1 , and so b = f(a\, . . . ,a r ) for some homogeneous 
polynomial / of degree d + 1. By definition, / e C c, and so 

/ = gxfx+--- + gsfs 

for some gj 6 A[X\ , . . . , X n \. As / and the f are homogeneous, we can omit from each gi 
all terms not of degree deg / — deg ft , since these terms cancel out. In other words, we may 
choose the gi to be homogeneous of degree deg / — deg f = d + 1 — d[ > 0. In particular, 
the constant term of gj is zero, and so gi(ax, . . . , a r ) e o. Now 

b = f(ax,...,a r ) = V ' gi(ax,...,a r )-fi(ai,...,a r ) e a-O a", 

which completes the proof of (6). □ 

6 In Nagata 1962, p. 203, there is the following example. Let N = Iq U Ii U ... be a partition of N into 
finite sets with strictly increasing cardinality. Let A = k[Xo, X\ , . . .] be the polynomial ring in a countably 
infinite number of symbols, and let p; be the prime ideal in A generated by the X j 's with j in // . Let S be the 
multiplicative set A x [J p,- . Then S~ 1 A is noetherian and regular, and the prime ideal S~ 1 p/ has height | /,■ | . 
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The equality (6) can also be proved using primary decompositions — see (17.15). 

PROPOSITION 3.16. In a noetherian ring, every ideal contains a power of its radical; in 
particular, some power of the nilradical of the ring is zero. 

Proof. Let a\,...,a n generate rad(a). For each i, some power of a,-, say a\ l , lies in a. 
Then every term of the expansion of 

(c l a l + --- + c n a n ) n+ ~ +r " , a eA, 

has a factor of the form a r - 1 for some i , and so lies in a. □ 

Aside 3.17. In a noetherian ring, every ideal is finitely generated, but there is little that one can say 
in general about the number of generators required. For example, in k [X] every ideal is generated by 
a single element, but in k[X, Y] the ideal (X, Y) n requires at least n + 1 generators. 

Aside 3.18. The following example shows that the Krull intersection theorem fails for nonnoethe- 
rian rings. Let A be the ring of germs of C°° functions at on the real line. Then A is a local 
ring with maximal ideal m equal to the set of germs zero at 0, and f\>i m " consists of the germs 
whose derivatives at zero are all zero. It therefore contains e -1 ^ 2 . [Every germ of a function at 
is represented by a function / on an open neighbourhood U of 0; two pairs (f, U) and (/', U') 
represent the same germ if and only if / and /' agree on some neighbourhood of in U fl U'.] 

4 Unique factorization 

Let A be an integral domain. An element a of A is said to be irreducible if it is neither zero 
nor a unit and admits only trivial factorizations, i.e., 

a = be b or c is a unit. 

The element a is said to be prime if it is neither zero nor a unit and (a) is a prime ideal, i.e., 

a\bc a\b or a\c. 

An integral domain A is called a unique factorization domain if every nonzero nonunit 
a in A can be written as a finite product of irreducible elements in exactly one way up to 
units and the order of the factors. In more detail, the uniqueness means that if 

a = U l€l a ' = U J€ j b J 

with each a, and bj irreducible, then there exists a bijection i i->- J such that 

bin) = cij x unit for each i. Every principal ideal domain is a unique factorization domain 
(proved in most algebra courses). 

PROPOSITION 4.1. Let A be an integral domain, and let a be an element of A that is neither 
zero nor a unit. If a is prime, then a is irreducible, and the converse holds when A is a 
unique factorization domain. 
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PROOF. Assume that a is prime. If a = be, then a divides be and so a divides b or c. 
Suppose the first, and write b = aq. Now a = be = aqc, which implies that qc = I because 
A is an integral domain, and so c is a unit. We have shown that a is irreducible. 

For the converse, assume that a is irreducible and that A is a unique factorization domain. 
If a\bc, then be = aq for some q e A. On writing each of b, c, and q as a product of 
irreducible elements, and using the uniqueness of factorizations, we see that a differs from 
one of the irreducible factors of b or c by a unit. Therefore a divides b or c. □ 

PROPOSITION 4.2. Let A be an integral domain in which every nonzero nonunit element is 
a Unite product of irreducible elements. If every irreducible element of A is prime, then A is 
a unique factorization domain. 

Proof. Suppose that 

a 1 ---a m = bf-b n (7) 

with the a\ and bj irreducible elements in A. As ct \ is prime, it divides one of the bi, which 
we may suppose to be b\, say b\ = a\U. ksb\ is irreducible, u is a unit. On cancelling a\ 
from both sides of (7), we obtain the equality 

ct2---a m = (ub 2 )b3---b n . 

Continuing in this fashion, we find that the two factorizations are the same up to units and 
the order of the factors. □ 

Proposition 4.3. Let A be an integral domain in which every ascending chain of principal 
ideals becomes constant (e.g., a noetherian integral domain). Then every every nonzero 
nonunit element in A is a finite product of irreducible elements. 

PROOF. The hypothesis implies that every nonempty set of principal ideals has a maximal 
element (cf. the proof of 3.1). Assume that A has nonfactorable elements, and let (a) be 
maximal among the ideals generated by such elements. Then a is not itself irreducible, and 
so a = be with neither b nor c units. Now (b) and (c) both properly contain (a), and so b 
and c are both factorable, which contradicts the nonfactorability of a. □ 

Proposition 4.4. Let A be a unique factorization domain with field of fractions F. If an 
element f of A[X] factors into the product of two nonconstant polynomials in F[X], then it 
factors into the product of two nonconstant polynomials in A[X]. 

In other words, if / is not the product of two nonconstant polynomials in A[X], then it 
is irreducible in 

PROOF. Let / = gh in For suitable c,d e A, the polynomials g\ = eg and h\ = dh 

have coefficients in A, and so we have a factorization 

cdf = gihi in A[X]. 

If an irreducible element p of A divides cd, then, looking modulo (p), we see that 

= gT-/^in {A/(p))[X\. 
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According to Proposition 4.1, the ideal (p) is prime, and so (A/(p))[X] is an integral 
domain. Therefore, p divides all the coefficients of at least one of the polynomials gi,h\, 
say gi, so that gi = pgi for some gi e A[X]. Thus, we have a factorization 

(cd/p)f = g 2 hi in A[X). 

Continuing in this fashion, we can remove all the irreducible factors of cd, and so obtain a 
factorization of / in A[X\. □ 

The proof shows that every factorization / = gh in F[X] of an element / of A[X] 
gives a factorization / = (cg){c~ l h) in A[X] for a suitable c € F. 
Let A be a unique factorization domain. A nonzero polynomial 

/ = a + a 1 X + --- + a m X m 

in A[X] is said to be primitive if the coefficients at have no common factor other than units. 
Every polynomial / in F[X] can be written / = c(f) ■ f\ with c(f) € F and f\ primitive. 
The element c( f), which is well-defined up to multiplication by a unit, is called the content 
of /. Note that / e A[X] if and only if c(f) e A. 

Proposition 4.5. The product of two primitive polynomials is primitive. 
Proof. Let 

/ = a + a 1 X + --- + a m X m 
g = b +b 1 X + - + b n X n , 

be primitive polynomials, and let p be an irreducible element of A. Let ai Q be the first 
coefficient of / not divisible by p and bj the first coefficient of g not divisible by p. Then 
all the terms in Yli+j=i +jo ai ^J are divisible by p, except cii bj , which is not divisible 
by p. Therefore, p doesn't divide the (z'o + _/'o)th-coefficient of fg. We have shown that 
no irreducible element of A divides all the coefficients of fg, which must therefore be 
primitive. □ 

Each of the last two propositions is referred to as Gauss 's lemma (Gauss proved them 
with A = Z). 

Proposition 4.6. Let A be a unique factorization domain with field of fractions F . For 
polynomials f,g g F^], c(fg) = c(f) -c(g); hence every factor in A[X] of a primitive 
polynomial is primitive. 

PROOF. Let / = c(f) f\ and g = c(g)g\ with f\ and g\ primitive. Then 

fg = c(f)c(g)f lgl 

with figi primitive, and so c(fg) = c(f)c(g). □ 

COROLLARY 4.7. The irreducible elements in A[X] are the irreducible elements a of A 
and the nonconstant primitive polynomials f such that f is irreducible in F[X]. 

Proof. Obvious from (4.4) and (4.6). □ 
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THEOREM 4.8. If A is a unique factorization domain, then so also is A[X]. 

PROOF. Let / e A[X], and write / = c(f)f\. Then c{f) is a product of irreducible 
elements in A. If f\ is not irreducible, then it can be written as a product of two polynomials 
of lower degree, which are necessarily primitive (4.6). Continuing in this fashion, we find 
that fi is a product of irreducible primitive polynomials, and hence that / is a product of 
irreducible elements in A[X]. 

According to Proposition 4.2, in order prove that A[X] is a unique factorization domain, 
it remains to show that each irreducible element of A[X] is prime. 

Let a be an irreducible element of A. If a divides the product gh of g, h € A[X], then it 
divides c(gh) = c(g)c(h). As a is prime, it divides c(g) or c(h), and hence also g or h. 

Let / be a nonconstant primitive polynomial in A [X] such that / is irreducible in 
If / divides the product gh of g,h e A[X], then it divides g or h in i^X]. Suppose the 
first, and write fq = g with q e F[X]. Then c(q) = c( f)c(q) = c( fq) = c(g) e A, and 
so q € A[X]. Therefore / divides g in A[X]. □ 

Let A: be a field. A monomial in X\ , . . . , X n is an expression of the form 

Xl x --X$ n , ajeK 

The total degree of the monomial is ^a,. The degree, deg(f), of a nonzero polyno- 
mial f(X\ , . . . , X n ) is the largest total degree of a monomial occurring in / with nonzero 
coefficient. Since 

deg(/g) = deg(/) + deg(g), 

k[X\, X n ] is an integral domain and k\X\, X n ] x =k x . Therefore, an element / of 
k[X\ X n ] is irreducible if it is nonconstant and / = gh =>• g or h is constant. 

Theorem 4.9. The ring k[X\ ,...,X n ] is a unique factorization domain. 

PROOF. This is trivially true when n = 0, and an induction argument using (4), p.l 1, proves 
it for all n. □ 

Corollary 4.10. A nonzero proper principal ideal (f) in k[X\ X n ] is prime if and 
only f is irreducible. 

Proof. Special case of (4.1). □ 

5 Rings of fractions 

Recall that a multiplicative subset of a ring is a nonempty subset closed under the formation 
of finite products. In particular, it contains 1 (the empty product). 

Let S be a multiplicative subset of a ring A. Define an equivalence relation on A x S by 

(a,s) ~ (&,0 u(at — bs) — for some u e S. 

Write j for the equivalence class containing (a, s), and define addition and multiplication of 
equivalence classes according to the rules: 

a ■ £> at+bs a_b^ a& 

St St ' st st ■ 
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It is easily checked these do not depend on the choices of representatives for the equivalence 
classes, and that we obtain in this way a ring 

S~ 1 A = {^\aeA,s eS} 

and a ring homomorphism a \-> j : A S~ 1 A whose kernel is 

{a € A | sa = for some *eS}. 

If S contains no zero-divisors, for example, if A is an integral domain and 0^5, then . At 
the opposite extreme, if e S, then S 1-1 A is the zero ring. 

A homomorphism A^ B factors through A — h>- S~ l A if and only if the image of S in 
B consists of units. More formally: 

Proposition 5.1. The pair (S~ x A,is) f> as following universal property: 

A ' S > 5 _1 y4 

every element of S maps to a unit in S 1 A, and 



any other ring homomorphism a:A—>B with this \^ i 3! 

property factors uniquely through is * v 

B. 

PROOF. Let a: A — > B be such a homomorphism, and let B: S~ 1 A -> B be a homomorphism 
such that Bo is = a. Then 

T7 = J=> = /6(f) => «(^(f) = «(")- 

and so 

P(f) = a(a)a(s)- 1 . (8) 

This shows that there can be at most one B such that Bo is = a. We define B by the formula 
(8). Then 

, a(u)€B x 

j = j ==>■ u(at — bs) = some u e S =>• — = 0, 

which shows that B is well-defined, and it is easy to check that it is a homomorphism. □ 

As usual, this universal property determines the pair (S~ l AJs) uniquely up to a unique 
isomorphism. 7 

When A is an integral domain and S = A \ {0}, the ring 5 _1 ^4 is the field of fractions 
F of A. In this case, for any other multiplicative subset T of A not containing 0, the ring 
T~ x A can be identified with the subring of F consisting of the fractions j with a 6 A and 
t 6 T. 

7 Recall the proof: let (A\,iy) and (A2J2) have the universal property in the proposition; because every 
element of S maps to a unit in Aj, there exists a unique homomorphism a: A \ — > Aj such that doi| = ; 2 
(universal property of A \ , i 1 ) ; similarly, there exists a unique homomorphism a' : A2 — > A \ such that a' o i 2 = i \ ; 
now 

a' oa o i\ = a' o i 2 = i\ = id^j ojj , 

and so a' oa = id^j (universal property of Ai,i\); similarly, aoa' = id^ 2 , and so a and a' are inverse 
isomorphisms (and they are uniquely determined by the conditions aoi| = i 2 and a' o i 2 = i\ ). 
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Example 5.2. Let h e A. Then Sh = {l,h,h 2 ,. . .} is a multiplicative subset of A, and we 
let Ah = Sfr l A. Thus every element of Ah can be written in the form a / h m , a e A, and 

^=b_^ h N (ah"-bh m ) = 0, some N. 

If h is nilpotent, then Ah = 0, and if A is an integral domain with field of fractions F and 
h 7^ 0, then Ah is the subring of F of elements that can be written in the form a/ h m ,a e A, 
m e N. 

Proposition 5.3. For every ring A and h e A, the map ^a, Z' J2j?t defines an 
isomorphism 

A[X]/(\-hX)^A h . 

PROOF. If h = 0, both rings are zero, and so we may assume h ^ 0. In the ring 

A[x] = A[X]/(l-hX), 

1 = hx, and so h is a unit. Let aci^-Bbea homomorphism of rings such that a(h) is a 
unit in B. The homomorphism 

factors through ,4 [x] because 1 — /zX m>- 1 — a(/z)a(/z) _1 = 0, and this is the unique extension 
of a to A[x]. Therefore A[x] has the same universal property as Ah, and so the two are 
(uniquely) isomorphic by an ^4-algebra isomorphism that makes h~ l correspond to x. □ 

Let S be a multiplicative subset of a ring A, and let S~ l A be the corresponding ring of 
fractions. For every ideal a in A, the ideal generated by the image of o in S~*A is 

5" 1 a = {f|aea, s € S}. 

If o contains an element of S, then S -1 a contains 1, and so is the whole ring. Thus some of 
the ideal structure of A is lost in the passage to S -1 ^, but, as the next proposition shows, 
some is retained. 

Proposition 5.4. Let S be a multiplicative subset of the ring A, and consider extension 
o m» a e = 5 _1 a and contraction o h-> o c = {a e A \ j e a} of ideals with respect to the 
homomorphism is'.A—* S~ l A. Then 

a ce = a for all ideals of S' 1 A 

a ec = o if a is a prime ideal of A disjoint from S. 

Moreover, the map p p e is a bijection from the set of prime ideals of A disjoint from S 
onto the set of all prime ideals of S~ l A; the inverse map is p h-> p c . 

PROOF. Let a be an ideal in S _1 A Certainly o ce C a. For the reverse inclusion, let tea. 
We can write b = f with asA,ssS. Then \ = € a, and so a € a c . Thus b = f e a ce , 
and so a C a ce . 

Let p be a prime ideal of A disjoint from S. Clearly p ec D p. For the reverse inclusion, 
let a e p ec so that y = y for some a' e p, s e S . Then t (as — a') = for some t e S, and 
so as? e p. Because st £ p and p is prime, this implies that a € p, and so p ec C p. 
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Let p be a prime ideal of A disjoint from S, and let S be the image of S in A/ p. 
Then (S~ 1 A)/p e ~ S~ l (A/p) because S~ l A/p e has the correct universal property, and 
S~ l (A/p) is an integral domain because A/p is an integral domain and S doesn't contain 
0. Therefore p e is prime. From (2. 1 1) we know that p c is prime if p is, and so p \-> p e and 
p i— > p c are inverse bijections on the two sets. □ 

Corollary 5.5. If A is noetherian, then so also is A for any multiplicative set S. 

PROOF. As b c is finitely generated, so also is (b c ) e = b. □ 

Proposition 5.6. Let (p:A—>-B be a ring homomorphism. A prime ideal p of A is the 
contraction of a prime ideal in B if and only if p — p ec . 

2 1 1 

PROOF. If p = q c , then p ec = q cec = q c = p. Conversely, suppose that p = p ec , and let 
S = A v p. Let s e S; if (p(s) e p e , then s e p ec = p, contradicting the definition of S. 
Therefore (p(S) is a multiplicative subset of B disjoint from p e , and so there exists a prime 
ideal q in B containing p e and disjoint from <p{S) (apply 2.1). Now (p~ l (q) contains p and 
is disjoint from S, and so it equals p. □ 

Example 5.7. Let p be a prime ideal in A. Then S p = A \ p is a multiplicative subset of 
A, and we let A p = S p l A. Thus each element of A p can be written in the form |, c p, and 




s(ad — be) = 0, some s £ p. 



According to (5.4), the prime ideals of A p correspond to the prime ideals of A disjoint from 
A v p, i.e., contained in p. Therefore, A p is a local ring with maximal ideal m = p e — { j | 
a sp,s <£p}. 

Proposition 5.8. Let m be a maximal ideal of a ring A, and let n = m^4 m be the maximal 
ideal of A m . For alln, the map 

a + m" \-^a + n n :A/m" A m /n" 

is an isomorphism. Moreover, it induces isomorphisms 

m /m — >• n /n 

for all pairs (r,n) with r <n. 

PROOF. The second statement follows from the first, because of the exact commutative 
diagram (r < n): 

> m r /m n >■ A/m" > A/m r > 

> n r /n" ► A m /n n > A m /n r > 0. 

We consider extension and contraction with respect to a k j'.A^- A m . In order to 
show that the map A/m n A m /n n is injective, we have to show that (m n ) ec = m n . If 
a e (m n ) ec , then y = | with b e m" and s e S. Then s'sa e m" for some s' e S, and so 
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s'sa = in A/m" . The only maximal ideal containing m" is m, and so the only maximal 
ideal in A/m n is m/m". As s's is not in m/m", it must be a unit in ,4/m", and so a = in 
A/m n , i.e., a e m". We have shown that (m n ) ec C m", and the reverse inclusion is always 
true. 

We now prove that A/m n A m /n n is surjective. Let | e ^4 m , ae/l,sei\m. The 
only maximal ideal of ^4 containing m" is m, and so no maximal ideal contains both s and 
m". Therefore (s) + m" = A, and so sb + q = 1 for some & e ^4 and gem". Hence 

= a(l-#). (9) 

Because 5 is invertible in A m /n", | is the unique element of this ring such that s j = a. But 
(9) shows that the image of ba in A m also has this property and therefore equals |. □ 

Proposition 5.9. In a noetherian ring, only iies in all powers of all maximal ideals. 

PROOF. Let a be an element of a noetherian ring A. If a ^ 0, then its annihilator {b \ ba = 0} 
is a proper ideal in A, and so it is contained in some maximal ideal m. Then y is nonzero in 
A m , and so j (mA m ) n for some n (by the Krull intersection theorem 3.15), which implies 
that a £ m" (by 5.8). □ 

Modules of fractions 

Let S be a multiplicative subset of the ring A, and let M be an ^4-module. Define an 
equivalence relation on M x S by 

(m,s) ~ (n,t) <^=> u(ttn — sn) = for some u €: S . 

Write y for the equivalence class containing (m,s), and define addition and scalar multipli- 
cation by the rules: 

Ul + ri = mt±n 1 ^ = <?m mjte M, s,teS, a e A. 

It is easily checked these do not depend on the choices of representatives for the equivalence 
classes, and that we obtain in this way an 5' _1 ^4-module 

S~ l M = {^\meM,s eS} 

and a homomorphism m \-> T j: M — %■ S~ l M of ^4-modules whose kernel is 

{a e M | sa = for some 5 e 5 1 }. 

A homomorphism M — >• of ^4-modules factors through M —>■ S" 1 M if and only if 
every element of S acts invertibly on N. More formally: 

Proposition 5.10. The pair (S _1 M, is) has the following universal property: 

is 

every element of S acts invertibly on S~ l M , and M > 5 _1 M 

any homomorphism M — > N of A-modules such 
that every element of S acts invertibly on N factors 

uniquely through is N. 
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PROOF. Similar to that of Proposition 5.1. □ 

In particular, for any homomorphism a:M — >• N of ^-modules, there is a unique 
homomorphism S~ l a: S~ l M S~ l N such that S~ l aoi s = i s oa: 

M — 5 _1 M 
TV — S^iV. 

In this way, M v» 5' _1 M becomes a functor from A-modules to S _1 ^4-modules. 

Proposition 5.11. The functor M v» 5~ 1 M is exact. Jn other words, if the sequence of 
A-moduies 

M — > M M 
is exact, then so also is the sequence of S~ l A-modules 

s -y M > ^ S ~ l M S~ l M". 

Proof. Because^oa = 0, wehave0 = S~ l {Poa) = S~ l fioS~ l a. Therefore Im(S _1 a) C 
Ker(S _1 /8). For the reverse inclusion, let y e Ker(5' 1 /3) where m € M and s € S. Then 
= and so, for some t e 5, we have tf}(m) = 0. Then fi{tm) = 0, and so tm = a(m') 
for some m' e M'. Now 

m_tm_ a(m') _ W o-l, 



5 /X 



Proposition 5.12. Let M be an A-moduJe. The canonical map 

M -> ]~[ {M m | m a maximal ideal in A} 

is injective. 

PROOF. Let m e M map to zero in all M m . The annilator a = {a e A \ am = 0} of m is 
an ideal in A Because m maps to zero M m , there exists an s e ^4 v tn such that «m = 0. 
Therefore o is not contained in m. Since this is true for all maximal ideals m, a = A (by 2.2), 
and so it contains 1. Now m = Im = 0. □ 

Corollary 5.13. The A-module M = if M m = for all maximal ideals m. 

PROOF. Immediate consequence of the lemma. □ 

Proposition 5.14. A sequence 

M' —> M M " (10) 

is exact if and oniy if 

m;^m^m: (id 

is exact for aii maximal ideals m. 
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PROOF. The necessity is a special case of (5.11). For the sufficiency, let TV = Ker(/3)/Im(a). 
Because the functor M v» M m is exact, 

N m = Ker(/3 m )/Im(G! m ). 

If (11) is exact for all m, then N m = for all m, and so N = (by 5.13). But this means 
that (10) is exact. □ 

Corollary 5.15. A homomorphism M — > N of A-modules is injective (resp. surjective) 
if and only if M m ->• N m is injective (resp. surjective) for all maximal ideals m. 

PROOF. Apply the proposition to -» M -> N (resp. M /V -» 0). □ 

Example 5.16. Let M be an ^-module. For h e A, let M„ = S^ l M where 5/, = 
{l,h,h 2 , . . .}. Then every element of M n can be written in the form jrp, m e M, r e N, and 
^ = jj£ if and only if fc^ (h r 'm - h r m') = for some iVeN. 

EXERCISE 5.17. A multiplicative subset 5 of a ring A is said to be saturated if 

ab e S =>■ a and b e S. 

(a) Show that the saturated multiplicative subsets of ^4 are exactly the subsets 5* such that 
A v S is a union of prime ideals. 

(b) Let 5 be a multiplicative subset of A, and let S be the set of a e A such that ab € S 
for some & e A Show that S is a saturated multiplicative subset of A (hence it is the 
smallest such subset containing S), and that A \ S is the union of the prime ideals 
of A not meeting S. Show that for any ^4-module M, the canonical homomorphism 
S~ l M S~ l M is bijective. In particular, S~ l A ~ 5 -1 ,4. (Cf. Bourbaki AC, II §2, 
Exercises 1,2.) 



6 Integrality 



Let ^4 be a subring of a ring fi. An element a of is said to be integral over A if it is a root 
of a monic 8 polynomial with coefficients in A, i.e., if it satisfies an equation 

a n +a\a n ~ l -\ \-a n = Q, at e A. 

If every element of B is integral over A, then B is said to be integral over A 

In the next proof, we shall need to apply Cramer's rule. As usually stated in linear 
algebra courses, this says that, if X\ , . . . , x m is a solution to the system of linear equations 

m 

Cij Xj = di, i = 1 , . , . , m , 

7 = 1 

then 

detfC/) 

*' " *iw ■ (12) 



8 A polynomial is monic if its leading coefficient is 1, i.e., f(X) = X n + terms of degree less than n. 
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where C = (en) and 



/ en 



Ci 



c i,j-i d\ cij+i ■■■ c\ m i 



\ ^/wl Cm,j — l d m C m j-\-\ ••• C mm J 

When one rewrites (12) in the form 

det(C)-Xy = det(C y ), 

this statement becomes true over any ring (whether or not det(C) is a unit). The proof is 
elementary — expand out the right hand side of 



/ en 



det Cj = det 



c U-i J2 C U X J cij + i 



\ Cm 1 ■ • • C m j — i ^2 Cmj Xj C m y + 1 • • ■ C m m J 

using standard properties of determinants. 

Proposition 6. 1 . Let Abe a subring of a ring B. An element a of B is integral over A if 
and only if there exists a faithful 9 A [a] -submodule M of B that is finitely generated as an 
A-module. 

Proof. Suppose that 

a n +aiot n ~ 1 -\ \-a„ = 0, at € A. 

Then the yl-submodule M of B generated by 1, a, a n ~ x has the property that aM C M, 
and it is faithful because it contains 1. 

<^=: Let M be an ^4-module in B with a finite set {e\ , . . . , e n } of generators such that 
aM C M and M is faithful as an ^4[a]-module. Then, for each i, 

aej = ^ciijej, some ay e A. 

We can rewrite this system of equations as 

(or-an)ei -ai 2 <?2 -ai^ej, = 

-azxe\ + (a-a22)<?2-«23<?3 = 

■■■ = 0. 

Let C be the matrix of coefficients on the left-hand side. Then Cramer's formula tells us that 
det(C) -ej = for all i . As M is faithful and the generate M, this implies that det(C) = 0. 
On expanding out the determinant, we obtain an equation 



a n + cia" l + c 2 a" 2 H hc„ = 0, c, € A. 



PROPOSITION 6.2. An A-algebra B is finite if it is generated as an A-algebra by a finite 
number of elements, each of which is integral over A. 

9 An .4-module M is faithful if aM = 0, a 6 A, implies a = 0. 
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Proof. Suppose that B = A[a\,..., a m ] and that 

a"' +anaf'~ 1 H \-ctj ni =0, aij e A, i = l,...,m. 

Any monomial in the a, 's divisible by some a"' is equal (in B) to a linear combination of 
monomials of lower degree. Therefore, B is generated as an ^4-module by the monomials 
a\ l ■■■a r m ", 1 < r, < n t . □ 

COROLLARY 6.3. An A-algebra B is hniteif and onlyifitis finitely generated and integral 
over A. 

PROOF. •<=: Immediate consequence of the proposition. 

=^: As an ^4-module, B is faithful (because a ■ Ib = a), and so (6.1) shows that every 
element of B is integral over A. As B is finitely generated as an ^4-module, it is certainly 
finitely generated as an ^4-algebra. □ 

The proof shows that, if an ^4-algebra B is generated by a finite number of elements each 
of which is integral over A, then it is finitely generated as an ^4-module. 

Theorem 6.4. Let Abe a subring of a ring B. The elements of B integral over A form a 
subring of B . 

PROOF. Let a and be two elements of B integral over A. As just noted, ^4[a,/3] is finitely 
generated as an ^4-module. It is stable under multiplication by a ± /3 and afi and it is faithful 
as an A[a ± /J]-module and as an ^[a^]-module (because it contains 1^). Therefore (6.1) 
shows that a ± fi and a/3 are integral over A. □ 

Definition 6.5. Let A be a subring of the ring B. The integral closure of A in B is the 
subring of B consisting of the elements integral over A. 

Proposition 6.6. Let A be an integral domain with field of fractions F, and let E be a 
field containing F . If a e E is algebraic over F , then there exists ad e A such that da is 
integral over A. 

PROOF. By assumption, a satisfies an equation 

a m +a i a m ~ 1 -\ \-a m =0, a,- e F. 

Let d be a common denominator for the a\ , so that da, e A for all i, and multiply through 
the equation by d m : 

d m a m +a l d m a m - 1 + --- + a m d m = 0. 

We can rewrite this as 

(da) m +a 1 d(da) m - 1 + ■■■ + a m d m = 0. 

As a\d, ... ,a m d m e A, this shows that da is integral over A. □ 

COROLLARY 6.7. Let A be an integral domain and let E be an algebraic extension of the 
field of fractions of A. Then E is the field of fractions of the integral closure of A in E. 
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PROOF. In fact, the proposition shows that every element of E is a quotient f}/d with 
integral over A and d e A. □ 

Definition 6.8. An integral domain A is is said to be integrally closed or normal if it is 
equal to its integral closure in its field of fractions F , i.e., if 

a e F, a integral over A ==>■ a e A. 

Proposition 6.9. Every unique factorization domain is integrally closed. 

PROOF. An element of the field of fractions of A not in A can be written a/b with a,b e A 
and b divisible by some irreducible element p not dividing a. If a jb is integral over ^4, then 
it satisfies an equation 

(a/b) n +a\{a/b) n ~ l H ha„=0, a, e A. 

On multiplying through by b" , we obtain the equation 

a n +a i a n ~ 1 b-\ \-a n b" =0. 

The element p then divides every term on the left except a", and hence must divide a". 
Since it doesn't divide a, this is a contradiction. □ 

Let F C E be fields, and let a e is be algebraic over F. The minimum polynomial 
of a over F is the unique element of smallest degree in the set of monic polynomials in 
F[X] having a as a root. If / is the minimum polynomial of a, then the homomorphism 
X i-> a:F[X] — > F[a] defines an isomorphism F[X]/(f) -> F[a], i.e., F[x] ~ F[a], 
x 4> a. 

Proposition 6.10. Let A be a normal integral domain, and let E be a finite extension of 
the field of fractions F of A. An element of E is integral over A if and only if its minimum 
polynomial over F has coefficients in A. 

Proof. Let a be integral over A, so that 

a m +ciia m ~ 1 -\ \-a m = 0, some a,- e ,4, m > 0. 

Let a' be a conjugate of a, i.e., a root of the minimum polynomial f(X) of a over F in 
some field containing L. Then there is an F-isomorphism (see above) 

a: F[a] F[a'], a(a) = a' 

On applying a to the above equation we obtain the equation 

a /m +a 1 a /m - 1 + --- + a m = 0, 

which shows that a' is integral over A. As the coefficients of / are polynomials in the 
conjugates of a, it follows from (6.4) that the coefficients of / (X) are integral over A. They 
lie in F, and A is integrally closed, and so they lie in A. This proves the "only if part of the 
statement, and the "if part is obvious. □ 
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Corollary 6.11. Let A be a normal integral domain with field of fractions F, and let 
f(X) be a monic polynomial in A[X\. Then every monic factor of f(X) in F[X] has 
coefficients in A. 

PROOF. It suffices to prove this for an irreducible monic factor g of / in i^X]. Let a be 
a root of g in some extension field of F. Then g is the minimum polynomial of a, which, 
being also a root of /, is integral over A. Therefore g has coefficients in A. □ 

Proposition 6.12. Let A c B be rings, and let A' be the integral closure of A in B. For 
any multiplicative subset S of A, S~ l A' is the integral closure of 5 _1 A in 

Proof. Let b/s e S^A' with b e A' and s e S. Then 



Therefore b/s is integral over S~ l A. This shows that S~ l A' is contained in the integral 
closure of S~ l B. 

For the converse, let b/s be integral over S~ l A with b e B and s e S. Then 



for some a\ € A and s, e S. On multiplying this equation by s n S\ •••s n , we find that 
Si ■■■s n b e A', and therefore that b/s = Si ■■■s n b/ssi---s n € S -1 ^'. □ 

Corollary 6.13. Let A c B be rings, and let S be a multiplicative subset of A. If A is 
integrally closed in B, then 5 _1 ^4 is integrally closed in S~ l B. 

PROOF. Special case of the proposition in which A' = A. □ 

Proposition 6.14. The following conditions on an integral domain A are equivalent: 

(a) A is an integral domain; 

(b) A v is integrally closed for all prime ideals p; 

(c) A m is integrally closed for all maximal ideals m. 

PROOF. The implication (a)=^(b) follows from (6. 13), and (b)=^(c) is obvious. For (c)=Ka), 
let A' be the integral closure of A in its field of fractions F . Then (^4')m is the integral 
closure of A m in F (by 6.12). If (c) holds, then A m (A') m is surjective for all maximal 
ideals m, which implies that A — > A' is surjective (by 5.15), and so A is integrally closed.n 

Proposition 6.15. If A is a normal integral domain, so also is the polynomial ring A[X\. 



b 



+ a\b 



+ — + a n = 



for some a,- € A, and so 





Proof. Omitted for the present. 



□ 
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The going-up theorem 

Proposition 6.16. Let A c B be integral domains, with B integral over A. Then B is a 
field if and only if A is a held. 

PROOF. Suppose that A is a field, and let b be a nonzero element of B. Then 

b n +aib n ~ l + ... + a „ = 

for some at e A, and we may suppose that n is the minimum degree of such a relation. Then, 
as B is an integral domain, a n ^ 0, and the equation 

b-(b"- 1 +a l b n - 2 + --- + a n - l )a- 1 = -1 

shows that b has an inverse in B. 

Conversely, suppose that B is a field, and let a be a nonzero element of A. Then a has 
an inverse a~ l in B, and 

a~ n +a\a~ (jl ^ v> H \-a„ = 

for some a,- e A. On multiplying through by a" -1 , we find that 

+ct\ +a2<2 — \-a n a n ~ l = 0, 

and so 

a~ l = —{a\ + aid — V a n a n ~ l ) e A. D 

Corollary 6.17. Let A c B be rings with B integral over A. Let q be a prime ideal of 
B, and let p = q D A. Then q is maximal if and only if p is maximal. 

Proof. Apply the proposition to A/p c S/q. □ 

Corollary 6.18 (incomparability). Let ,4 c S be rings with B integral over A, and 
let q C q' be prime ideals of B. If q D A = q' D A, then q = q'. 

PROOF. Let p = qn^ = q'n^. Then A v c S p , and S p is integral over A v . The ideals 
qS p C q'Bp are both prime ideals of B p lying over pA p , which is maximal, and so c\B p = q' B p 
(by 6.17). Now 

q 5 = 4 (qS p r = (q'S p ) c5 = 4 q'. 

Theorem 6.19. Let A C B be rings with B integral over A, and let p be a prime ideal of 
A. Then there exists a prime ideal q of B such that p = q D A. 

PROOF. We have A p c B p , and B p is integral over A p . Let n be a maximal ideal in B p 
(which exists by 2.2). Then n D A p is maximal (6.17). But p^4 p is the unique maximal ideal 
of A p , and so n D A p = pA p . Let q be the inverse image of n in B. Then q n A is the inverse 
image of p^4 p in A, because the diagram 

B > B p 

A > A p 

commutes. But the inverse image of p^4 p in A is p (as p ec = p; see 5.4). Therefore 

qn^ = p. □ 
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Corollary 6.20. Let A c B be rings with B integral over A. Let p dp' be prime ideals 
of A, and let q be a prime ideal of B such that q D A = p. Then there exists a prime ideal q' 
of B containing q and such that q' n A = p'. 

PROOF. We have A/p c B/q, and B/q is integral over A /p. According to the theorem, 
there exists a prime ideal q" in B/q such that q" fl (A/p) = p' /p. The inverse image q' of 
q" in B has the required properties. □ 

Corollary 6.21. Let A c B be rings with B integral over A, and letpi c ••• C p n be 
prime ideals in A. Let 

qiO-Cq™ (m<n) (13) 

be prime ideals in B such that q 2 - fl A = pi for all i < m. Then (13) can be extended to a 
chain of prime ideals 

qi C •■■ C q n 

such that qi fl A = pi for all i <n. 

PROOF. Immediate consequence of Corollary 6.20. □ 

Theorem 6.19 and its corollaries are referred to as the going-up theorem (of Cohen and 
Seidenberg). 

The going-down theorem 

Before proving the going-down theorem, we need to extend some of the definitions and 
results from earlier in this section. 

Let A C B be rings, and let o be an ideal of A. An element b of B is said to be integral 
over o if it satisfies an equation 

b n +a x b n ~ l + ■■■ + «„ = (14) 

with the a, 6 a. The set of elements of B integral over a is called the integral closure of a in 
B. The proof of Proposition 6.1 shows that b e B is integral over a if there exists a faithful 
^4[&]-submodule M of B such that bM C aM and M is finitely generated as an ^4-module. 

Note that if b m is integral over a, so also is b (the equation (14) for b m can be read as a 
similar equation for b). 

Lemma 6.22. Let A' be the integral closure of A in B. Then the integral closure of a in B 
is the radical of a A'. 

Proof. Let b e B be integral over a. From (14) we see that b € A' and that b" e aA' , and 
so b is in the radical of a A ' . 

Conversely, let b be in the radical of aA' , so that 

b m = , ciiXi, some m > 0, a,- e a, x,- e A'. 

def 

As each x,- is integral over A, M = A[x\ x n ] is a finite ^4-algebra (see 6.2). As b n M C 
M, we see that b n is integral over a, which implies that b is integral over o. □ 
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In particular, the integral closure of a in B is an ideal in A', and so it is closed under the 
formation of sums and (nonempty) products. 

Proposition 6.23. Let A be a normal integral domain, and let E extension of the field 
of fractions F of A. If an element of E is integral over an ideal o in A, then its minimum 
polynomial over F has coefficients in the radical of a. 

Proof. Let a be integral over o, so that 

a" +a 1 a n ~ 1 H \-a„ = 

for some n > and a, e a. As in the proof of (6.10), the conjugates of a satisfy the same 
equation as a, and so are also integral over a. The coefficients of the minimum polynomial 
of a over F are polynomials without constant term in its conjugates, and so they are also 
integral over a. As these coefficients lie in F, they lie in the integral closure of a in F, which 
is the radical of a (by 6.22). □ 

Theorem 6.24. Let A c B be integral domains with A normal and B integral over A. Let 
p' C p be prime ideals in A, and let q be a prime ideal in B such that q n A = p. Then there 
exists a prime ideal q'cq in B such that q' n A = p'. 

PROOF. The prime ideals of B contained in q are the contractions of prime ideals in B q (see 
5.4), and so we have show to that p' is the contraction of a prime ideal of S q , or, equivalently 
(see 5.6), that 

An(p'B,)=p'. 

Let b € p' B q . Then b = y/s with y e p' B and s e B \ q. By (6.22), y is integral over 
p', and so (by 6.23) the minimum equation 

y m + a iy m - 1 +--- + a m = (15) 

of y over the field of fractions F of A has coefficients a, e p'. 

Suppose that b e A n p'S q . Then b~ l e F, and so, on replacing y with bs in (15) and 
dividing through by b m , we obtain the minimum equation for s over F: 

s m + (a 1 /b)s m - 1 + ■■■ + (a m /b m ) = 0. (16) 

But b is integral over A, and so (by 6.10), each coefficient ai/b 1 e A. Suppose that 
b £ p' . The coefficients ai/b 1 6 p\ and so (16) shows that s m 6 p' B C pB C q, and so s € q, 
which contradicts its definition. Hence b € p', and so A D p'Sq = p' as required. □ 

Corollary 6.25. Let A c B be integral domains with A normal and B integral over A. 
Let pi D-Opn be prime ideals in B, and let 

qiD-Oq m (m<n) (17) 

be prime ideals in B such that m D A = p/ for all i . Then (1 7) can be extended to a chain of 
prime ideals 

qi D •■■ D q n 

such that qi n A = p/ for all i. 

PROOF. Immediate consequence of the theorem. □ 

Theorem 6.24 and its corollary are referred to as the going-down theorem (of Cohen 
and Seidenberg). 
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The Noether normalization theorem 

Theorem 6.26 (Noether normalization theorem). Every finitely generated alge- 
bra A over a field k contains a polynomial algebra R such that A is a finite R-algebra. 

In other words, there exist elements y\,...,y r of A such that A is a finitely generated 
k[y\,..., y r ] -module and y\,,..,y r are algebraically independent 10 over k. 

PROOF. We use induction on the minimum number n of generators of A as a A>algebra. If 
n = 0, there is nothing to prove, and so we may suppose that n > 1 and that the statement is 
true for ^-algebras generated by n — 1 (or fewer) elements. 

Let A — k[x\, . . . ,x„]. If the x, are algebraically independent, then there is nothing to 
prove, and so we may suppose that there exists a nonconstant polynomial / (7i ,...,T n ) such 
that f(xi , . . . , x n ) = 0. Some 7/ occurs in /, say T\ , and we can write 

/ = c Tf + Cl T 1 N - 1 +-- + c N , Ci€k[T 2 ,...,T n ], c ^0. 

If Co € k, then the equation 

= f(xi,...,x n ) = c xf +ci(x 2 ,...,x„)xi _1 H \-c N (x 2 ,...,x n ) 

shows that x\ is integral over k[x 2 , . . . ,x n ]. By induction, there exist algebraically indepen- 
dent elements yi,...,y r such that k [x 2 , . . . , x n ] is finite over k [y i , . . . , y r ] • It follows that A 
is finite over k[y\,...,y r ] (a composite of finite ring homorphisms is finite). 

If Co ^ k, then we choose different generators for A. Fix an integer m > 0, and let 

X j — X \ , — X2 X j , . . . , — X/2 X j 

Then 

k[x[,,..,x r n ] = k[xi,...,x„] = A 
because each x\ e k\x\, . . . , x n ] and, conversely, each 

X[ ^ k [x \ , X2 1 • - • 1 x^j ] — k [x j , . . . , x^ ] . 

When we let 

g(7i, ... , T n ) = f(T u T 2 + T l m \...,T n + Tf) ek[T u ..., T n ], 

then 

g (x[,...,x' n ) = f(x[,x' 2 + x' l m2 ,...,x' n +xr n ) = 0. 
I claim that, if m is chosen sufficiently large, then 

g (T u . , . , r„) = 4rf + c[ Tf- 1 + • • • + C ' N , 

with c- € k[T 2 , . . . ,T n ] and c e /: x , and so the previous argument applies. 

10 Recall that this means that the homomorphism of ^-algebras k[X\ , X r ] — > k[yi,..., y r ] sending Z; to 

yi is an isomorphism, or, equivalently, that 

P( yi ,...,y r ) = 0, P €k[Xi,...,X r ] => P = 0. 
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To prove the claim, let 



f(Ti 



c j\-j n i\ 




Choose m so large that the numbers 



jx +m 2 j 2 -\ Vm n ] n , 



(18) 



are distinct when (j\ 



,j n ) runs over the ^-tuples with Cj lt .„j n ^ 0. Then 



/(7i ,T 2 + Tf,...,T n + Tf) = cT? + c x T( 



N-l 



+ ■■■ 



with ceK {0} and N equal to the largest value of (18). □ 

Remark 6.27. When k is infinite, there is a simpler proof of a somewhat stronger result: 
let A = k[xx, - - ■ , x n \, then there exist algebraically independent elements fx,---, fr that 
are linear combinations of the x, such that A is finite over k[fx,...,f r ] (see 8.13 of my 
algebraic geometry notes). 

Exercise 6.28. A ring A is said to be normal if A p is a normal integral domain for all 
prime ideals p in A. Show that a noetherian ring is normal if and only if it is a finite product 
of normal integral domains. 



A ring A is artinian if every descending chain of ideals ai D 02 D •■■ in A eventually 
becomes constant; equivalently, if every nonempty set of ideals has a minimal element. 
Similarly, a module M over a ring A is artinian if every descending chain of submodules 
N\ D N 2 D • • • in M eventually becomes constant. 

Proposition 7.1. An artinian ring has Krull dimension zero; in other words, every prime 
ideal is maximal. 

PROOF. Let p be a prime ideal of an artinian ring A, and let A' = A/p. Then A' is an artinian 
integral domain. For any nonzero element a of A', the chain (a) D (a 2 ) D ••• eventually 
becomes constant, and so a n = a n+l b for some b e A' and n > 1. We can cancel a n to 
obtain 1 = ab. Thus a is a unit, A' is a field, and p is maximal. □ 

COROLLARY 7.2. In an artinian ring, the nilradical and the Jacobson radical coincide. 

PROOF. The first is the intersection of the prime ideals (2.4), and the second is the intersec- 
tion of the maximal ideals (2.5). □ 

Proposition 7.3. An artinian ring has only finitely many maximal ideals. 

PROOF. Let mi fl . . . n m„ be minimal among finite intersections of maximal ideals in an 
artinian ring, and let m be another maximal ideal in the ring. If m is not equal to one of the 
m, , then, for each / , there exists an a; e m,- \ m. Now a\---a n lies in mi fl . . . fl m„ but not 
in m (because m is prime), contradicting the minimality of mi fl . . . fl m n . □ 
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Proposition 7.4. In an artinian ring, some power of the nilradical is zero. 

PROOF. Let 9t be the nilradical of the artinian ring A The chain 9t D 9t 2 D •■• eventually 
becomes constant, and so 9t" = 9t" +1 = ■■■ for some n > I. Suppose that 91" 7^ 0. Then 
there exist ideals a such that a ■ 91" ^ 0, for example 91, and we may suppose that has been 
chosen to be minimal among such ideals. There exists an a 6 a such that a ■ 91" ^ 0, and 
so a = (a) (by minimality). Now (a9t")9t" = a9t 2 " = a9t n ^ and a9t" C (a), and so 
a9t" = (a) (by minimality again). Hence a = ax for some x e 91". Now a = ax = ax 2 = 
■ ■ ■ = aO = because x 6 91. This contradicts the definition of a, and so 91" = 0. □ 

Lemma 7.5. Let A be a ring in which some Unite product of maximal ideals is zero. Then 
A is artinian if and only if it is noetherian. 

PROOF. Suppose that mi ■ ■ ■ m n = with the m ; maximal ideals (not necessarily distinct), 
and consider 

AD mi D • • O VCii •••tTV-i D mi ■■■m r Z> ••• D ttii ••■m n = 0. 

The action of A on the quotient M r = mi •• • m r - 1 /mi ■ ■ ■ m r factors through the field A/m r , 
and the subspaces of the vector space M r are in one-to-one correspondence with the ideals 
of A contained between mi • • • m,— 1 and mi • • • m r . If A is either artinian or noetherian, then 
M r satisfies a chain condition on subspaces and so it is finite-dimensional as a vector space 
and both artinian and noetherian as an ^4-module. Now repeated applications of Proposition 
3.3 (resp. its analogue for artinian modules) show that if A is artinian (resp. noetherian), 
then it is noetherian (resp. artinian) as an ^4-module, and hence as a ring. □ 

THEOREM 7.6. A ring is artinian if and only if it is noetherian of dimension zero. 

PROOF. =X Let A be an artinian ring. After (7. 1), it remains to show that A is noetherian, 
but according to (7.2), (7.3), and (7.4), some finite product of maximal ideals is zero, and so 
this follows from the lemma. 

<^ : Let A be a noetherian ring of dimension zero. The zero ideal admits a primary 
decomposition (17.11), and so A has only finitely many minimal prime ideals, which are all 
maximal because dim A = 0. Hence 91 is a finite intersection of maximal ideals (2.4), and 
since some power of 9t is zero (3.16), we again have that some finite product of maximal 
ideals is zero, and so can apply the lemma. □ 

Theorem 7.7. Every artinian ring is (uniquely) a product of local artinian rings. 

PROOF. Let A be artinian, and let mi , . . . , m r be the distinct maximal ideals in A. We saw 
in the proof of (7.6) that some product m" 1 ■ ■ -m"'' = 0. For i j£ j , the ideal m"' + m" J is 
not contained in any maximal ideal, and so equals A. Now the Chinese remainder theorem 
2.12 shows that 

A ~ A/m" 1 x---xA/m^ r , 
and each ring A/m"' is obviously local. □ 

Proposition 7.8. Let A be a local artinian ring with maximal ideal m. If m is principal, 
so also is every ideal in A; in fact, ifm = (t), then every ideal is of the form (t r ) for some 
r > 0. 
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PROOF. Because m is the Jacobson radical of A, some power of m is zero (by 7.4); in 
particular, (0) = (t r ) for some r. Let a be a nonzero ideal in A. There exists an integer r > 
such that a C m r but a $z! m'" +1 . Therefore there exists an element a of a such that a = ct r 
for some c e A but a (t r+1 ). The second condition implies that c m, and so it is a unit; 
therefore a = (a). □ 

Example 7.9. The ring A = k[Xi,X 2 ,X 3 ,.. ,]/(Xi,Xf ,X|, . ..) has only a single prime 
ideal, namely, (xi,Xz,X3, . . .), and so has dimension zero. However, it is not noetherian 
(hence not artinian). 

Aside 7.10. Every finitely generated module over a principal Artin ring is a direct sum of cyclic 
modules (see mo22722). 



8 Direct and inverse limits 



Direct limits 

Definition 8.1. A partial ordering < on a set / is said to be directed, and the pair (/, <) 
is called a directed set, if for all i,j el there exists a k 6 / such that i,j <k. 



Definition 8.2. Let (/, <) be a directed set, and let A be a ring. 

A direct system of ^4-modules indexed by (/, <) 
is a family (Mj)j 6 / of ^4-modules together with a 
family (a 1 . : Mj — >• Mj)i<j of ^-linear maps such 



that aj 



idji/ ; . and a k oa'j = a l k all i < j < k. 



An A -module M together with a family (a' : Mj —> 
M)i e i of ^4-linear maps satisfying a' = a J oa'j 
all i < j is said to be a direct limit of the sys- 
tem ((Mj), («/)) if it has the following universal 
property: for any other A -module N and fam- 
ily (/3':Mi N) of ^-linear maps such that 
/?' = /3 J o a'j all i < j , there exists a unique mor- 
phism a: M — > N such that a o a' = fi' for all 




Mi - 




As usual, the universal property determines the direct limit (if it exists) uniquely up to a 
unique isomorphism. We denote it lim(M,- ,aj ), or just limM,-. 



Criterion 

An ^4-module M together with ^4-linear maps a' :Mi M such that a' = a J o a'j for all 

i < j is the direct limit of a system (Mj , aj ) if and only if 

(a) M = \J j€l a' (Mj), and 

(b) rtii e Mj maps to zero in M if and only if it maps to zero in Mj for some j >i. 
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Construction 
Let 

M = 0M//M' 
iel 

where M' is the 74-submodule generated by the elements 

m, — a'j (nti ) all i < j , w/ e M,- . 

Let a' (mj) = m,- + M' . Then certainly a' = a 7 o a^. for all i < j . For every ^4-module N 
and ^4-linear maps f5 J : Mj — > N , there is a unique map 

iel 

namely, ^rrii ^HP' ( m i')> sending m,- to f$ l (m,), and this map factors through M and is 
the unique ^4-linear map with the required properties. 
Direct limits of ^-algebras, etc., are defined similarly. 

An example 

Proposition 8.3. For every multiplicative subset S ofaringA, S~ l A ~lim^4/,, where 
h runs over the elements of S (partially ordered by division). 

PROOF. When h\h', say, h' = hg, there is a unique homomorphism A^ — > Ay respecting 
the maps A—>-A^ and A -> Ay, namely, f h-> , and so the rings Af, form a direct system 
indexed by the set S. When h e S, the homomorphism A — > S -1 A extends uniquely to a 
homomorphism 1 1->- ^:^4^ — >• 5 ,_1 4 (see 5.1), and these homomorphisms are compatible 
with the maps in the direct system. Now apply the criterion p. 34 to see that S~ X A is the 
direct limit of the Af, . □ 

Exactness 

Proposition 8.4. The direct limit of a system of exact sequences of modules is exact. 

This means the following: suppose that (Mi,a'j), (A 7 /, /?'•), and (P/,yj) are direct 
systems with repect to the directed set / , and let 

-> (Mi ,a))H (Ni ,Fj)^l( Pi , yj) -> 
be a sequence of maps of direct systems; if the sequences 

a; bi 

0^Mj^+ Ni Pi -> 
are exact for all i , then the direct limit sequence 

lima,; \\mbi 

MmMi KmNi lim P t 

is exact. 

PROOR Let («,•) e \m\Ni. If = 0, then there exists an z such that bi(n{) — for 

all i > /'o- Let m ; - = unless i > i®, in which case we let mi be the unique element such 
that cii(mj) = Hi. Then (m; ) maps to («,■ ). This proves exactness at lim Nj , and the proof of 
exactness at the other terms is obvious. □ 
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Inverse limits 

Inverse limits are the same as direct limits except that the directions of the arrows is reversed. 
Thus, formally, the theory of inverse limits is the same as that of inverse limits. However, in 
concrete categories, they behave very differently. For example, the inverse limit of a system 
of exact sequences of modules need not be exact. 

We shall consider inverse limits only in the case that the indexing set if N with its usual 
ordering. Thus, an inverse system of ^-modules is nothing more than a sequence of modules 
and ^4-homomorphisms 

M < — Mi < < — M„ < . 

A homomorphism (M„ , a n ) -> (N n , /3 n ) of inverse systems is a sequence of ^-homomorphisms 
y n : M n -> N„ such that /3„oy n+1 = y n o a„ for all n e N. 

Given an inverse system (M„,a„) of ^4-modules, we define limM„ and lim 1 M„ to be 
the kernel and cokernel of the map 

(m n )n€N h> (m„-a n (m„+i)):Y[M n -> |~[m„. 

Proposition 8.5. For any inverse system (M n ,a„) and A-module N, 

Hom(KmM„,iV) ~ IimHom(M B , N). 

Proof. Obvious. □ 

Proposition 8.6. For any inverse system of exact sequence 

0^(M n ,a n )^(N n ,P„)^(Pn,Yn)^0, 

there is an exact sequence 

-+ limM n -+ \imN„ -+ lim P n -+ hm 1 M„ -+ hm 1 N n -+ hm 1 P„ -+ 0. 

Proof. The sequence 

-> M n -> Yl N n -> Yl P n -> 

is exact, and so this follows from the snake lemma. □ 
Corollary 8.7. If the maps a„:M n +i M„ are all surjective, then the sequence 

-+ \\mM„ -+ \\mN„ -+ limP n -+ 

is exact. 

PROOF. The hypothesis implies that lim 1 M„ = (axiom of determined choice). □ 



Aside 8.8. Direct (resp. inverse) limits are also called inductive (resp. projective) limits or colimits 
(resp. limits). 
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9 Tensor Products 

Tensor products of modules 

Let A be a ring, and let M, N, and P be ^-modules. A map <p: M x -> P of ^-modules 
is said to be A-bilinear if 

0(x + x',y) = 0(x,j) + 0(x / ,y), x.x'eM, jeiV 

+ = 0(x,j) + 0(x,y), xeM, y,y'sN 

<j)(ax,y) = a<p(x,y), a e A, xeM, yeN 

4>(x,ay) = a<p(x,y), a e A, xeM, y e N, 

i.e., if <f> is ^-linear in each variable. 

An ,4 -module T together with an ,4 -bilinear map 

<p:MxN^T MxN > T 

is called the tensor product of M and N over A if it has the 

following universal property: every ^-bilinear map 

l . 

<p':MxN -+T' 

factors uniquely through <p. 

As usual, the universal property determines the tensor product uniquely up to a unique 
isomorphism. We write it M <g>^ N. Note that 

Hom^. bilinear (M xN,T)~ Hom^. linear (M ® A N, T). 



Construction 

Let M and ./V be .4 -modules, and let be the free ^-module with basis MxN. Thus 

each element A^ MxN " > can be expressed uniquely as a finite sum 

^ai(xi,yi), at e A, x, e M, y t e N. 

Let P be the submodule of A^ MxN ^ generated by the following elements 

(x + x',y)-(x,y)-(x',y), x,x' e M, yeN 

(x,y + y')-(x,y)-(x,y'), xsM, y,y'sN 

(ax,y) — a(x,y), a e A, x e M, yeN 
(x,ay) — a(x,y), a e A, x e M, y e N, 

and define 

M® A N = A (MxN) /P. 
Write x <g> y for the class of (x, y) in M <8>^ N. Then 

(xj)h-i®j:MxJV^M <g>^ N 
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is A -bilinear — we have imposed the fewest relations necessary to ensure this. Every element 
of M (&a N can be written as a finite sum 11 

} ai(xj <g>yi), at e A, x\ e M, yi e N, 

and all relations among these symbols are generated by the following relations 

(x + x') <g> y = x®y + x'®y 
x <g) (y + y') = x <S> y + x <g> y' 
a(x ® y) — (ax) <g> y = x <g>ay. 

The pair (M ®a N, (x, y) h^- x <g> y) has the correct universal property because any bilinear 
map (f>':M x N ->■ T' defines an ^-linear map 

A (MxN) T ^ which factors through 

^(MxN) J g an(1 gj ves a commutative triangle. 
Extension of scalars 

Let A be a commutative ring and let B be an ^4-algebra (not necessarily commutative) such 
that the image of A — > B lies in the centre of B. Then M v> B <S>a M is a functor from 
left ^4-modules to left S-modules. Let M be an ^4-module and N a 5-module; an ^4-linear 
map a:M —> N defines a 5-linear map /3: B <g>^ M N such that b®m\-^-b -a(m), and 
a -o- /3 is an isomorphism: 

Hom^. linear (M, N) ~ Hom B . linear (S ® A M, N). (19) 

If (e<x)a(El is a family of generators (resp. basis) for M as an ^4-module, then (1 <g> e a )ael is 
a family of generators (resp. basis) for B <8>^ M as a B-module. 

Behaviour with respect to direct limits 
Proposition 9 A. Direct limits commute with tensor products: 

lira Mi ®a lim Nj ~ lim M/ <8u A 7 ; . 
;'€/ /e7 (i,j)elxj 

PROOF. Using the universal properties of direct limits and tensor products, one sees easily 
that lim(M, <g>^ Nj) has the universal property to be the tensor product of limM, and 
lim A 7 ). □ 

Tensor products of algebras 

Let A: be a ring, and let A and B be k -algebras. A k -algebra C together with homomorphisms 
i:A^-C and j.B^-Cis called the tensor product of A and B if it has the following 
universal property: 

1 "An element of the tensor product of two vector spaces is not necessarily a tensor product of two vectors, 
but sometimes a sum of such. This might be considered a mathematical shenanigan but if you start with the 
state vectors of two quantum systems it exactly corresponds to the notorious notion of entanglement which so 
displeased Einstein." Georges Elencwajg on mathoverfiow.net. 
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for every pair of homomorphisms (of fc-algebras) 
f-.A—^-R and g: B -> R, there exists a unique 
homomorphism (f,g):C—^R such that (f,g) o 
i =aand(/,g)o; = B, 

If it exists, the tensor product, is uniquely determined up to a unique isomorphism by this 
property. We write it A <g>fc B. Note that the universal property says that 

Hom(y4 ® k B, R) ~ Hom(^, R) x Hom(S, R) (20) 

(k -algebra homomorphisms). 

Construction 

Regard A and B as k -modules, and form the tensor product A^^ B. There is a multiplication 
map A <S>k B x A <g>£ B A ®£ 5 for which 

(a®b)(a' ®b') = aa' ®bb', alla,a'eA, b,b' e B. 

This makes A^^ B into a ring, and the homomorphism 

ci-^c(l<g>l) = c<g>l = l<g>c 

makes it into a ^-algebra. The maps 

ai-+ a®l:A^ A®k B and 1<8>Zj:^ ^^<8> fcJ S 

are homomorphisms, and they make A ®£ B into the tensor product of A and B in the above 
sense. 

Example 9.2. The algebra A, together with the maps 

k ^ A «± A , 

is k ®;t A (because it has the correct universal property). In terms of the constructive 
definition of tensor products, the map c<8>ai-^-ca:/i:<g>£;4^>-^4isan isomorphism. 

Example 9.3. The ring k[Xi,. . .,X m ,X m +i,. . . ,X m + n ], together with the obvious inclu- 
sions 

k[Xi,...,X m ] <^-> k[Xi,...,X m+n ] <r^> k[X m+ i,...,X m+n ] 

is the tensor product of the ^-algebras k [Xi X m ] and k [X m +\ X m + n ]. To verify 
this we only have to check that, for every /^-algebra R, the map 

Uom(k[X lt . . . , X m+n ],R) -> Rom(k[Xi,. ..],R) x Hom(k[X m+1 , . ..],R) 

induced by the inclusions is a bijection. But this map can be identified with the bijection 

R m+n _^ R m xR n 

In terms of the constructive definition of tensor products, the map 

k[Xi,. . .,X m ] <g>£ k[X m+ i, . . .,X m+n ] -> k[Xi,. . .,X m+n ] 
sending / <g> g to fg is an isomorphism. 
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Remark 9.4. (a) Let k be a homomorphism of rings. Then 

Jfc' ® fc £[*i> . . . , X n ] ~ jk'[l ® JSTi, . . . , 1 <g> X n ] ~ • . . , X n ]. 

lfA = k[X u ...,X n ]/( gl ,...,g m ),ihen 

k'® k A~k'[Xi,..., X n ]/( gl g m ). 

(b) If A and B are algebras of ^-valued functions on sets S and T respectively, then the 
definition 

(f®g)(x,y) = f(x)g(y), f eA,geB,xeS,yeT, 
realizes A <g>& B as an algebra of fc-valued functions on S x T. 

The tensor algebra of a module 

Let M be a module over a ring A For each A > 0, set 

r r M = M <8u • • • <8u M (r factors), 
so that T°M = A and T J M = M, and define 

7M = ff) T r M. 

This can be made into a noncommutative ^-algebra, called the tensor algebra of M, by 
requiring that the multiplication map 

T r MxT s M ^T r+S M 

send (mi <g> ••• <g>m r , m r +i <g> •• • <8>m r +.s) to mi (gi'--8m r +i. 

The pair (TM, M -> TM) has the following universal prop- 
erty: every ^4-linear map from M to an ^4-algebra R (not neces- 
sarily commutative) extends uniquely to an ^-algebra homomor- 
phism TM -> i?. 

If M is a free ^-module with basis x\,...,x„, then is 
the (noncommutative) polynomial ring over A in the noncommut- 
ing symbols xi (because this .4-algebra has the same universal 
property as TM). 

The symmetric algebra of a module 

The symmetric algebra Sym(M) of an ^-module M is the quotient of TM by the ideal 
generated by all elements of T 2 M of the form 

m<g>ft — n®m, m,neM. 

It is a graded algebra Sym(M) = r>o Sym''(M) with Sym r (M) equal to the quotient of 
M® r by the ^-submodule generated by all elements of the form 

mi <8> ••• <8>m r — m CT (i) <8> ■■• <8>m CT ( r ), rrif e M, a e B r (symmetric group). 
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» Sym(M) 



3!/l-algebra 



The pair (Sym(M),M Sym(M)) has the following 
universal property: every A -linear map M R from M 
to a commutative ^4-algebra R extends uniquely to an 
^4-algebra homomorphism Sym(M) (because it ex- 
tends to an ^4-algebra homomorphism TM —> R, which 
factors through Sym(M) because R is commutative). 

If M is a free ^4-module with basis X\,...,x n , then 
Sym(M) is the polynomial ring over A in the (commuting) symbols X[ (because this A- 
algebra has the same universal property as TM). 




10 Flatness 

Let M be an ^4-module. If the sequence of ^-modules 

0^ N' ^ N ^ N" ^0 (21) 

is exact, then the sequence 

M ®a N' -*■ M ® A N -*■ M ® A N" -*■ 

is exact, but M <8U N' —> M <8>^ N need not be injective. For example, when we tensor the 
exact sequence of Z-modules 

171 

-> Z — ► Z -* Z/mZ 
with Z/ mZ, we get the sequence 

„ , „ xi-^-mx=0 „ , „ ih»i , 

Z/mZ ► Z/mZ ► Z/mZ -> 0. 

Moreover, M <8u A 7 may be zero even when neither M nor N is nonzero. For example, 

Z/2Z<g> z Z/3Z = 

because it is killed by both 2 and 3. 12 In fact, M <S>a M may be zero without M being zero, 
for example, 13 

Q/Z® z Q/Z = 0. 

Definition 10.1. An ^4-module M is flat if 

N' ^ N injective =>• M <g>4 A 7 ' -» M <8u N injective. 

It is faithfully flat if, in addition, 

M<8uN = => A 7 =0. 

A homomorphism of rings A ->■ B is said to be flat (resp. faithfully flat) when 5 is flat 
(resp. faithfully flat) as an ^4-module. 

12 It was once customary in certain circles to require a ring to have an identity element 1^=0 (see, for example, 
Northcott 1953, p. 3). However, without the zero ring, tensor products don't always exist. Bourbaki's first 
example of a ring is the zero ring. 

13 Let x, y € Q/Z; then nx = for some »sZ, and y = ny' for some y' e Q/Z; now 

x ® y = x ® = m §5 y = §5 v' = 0. 
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Thus, an ^4-module M is flat if and only if M ®a — is an exact functor, i.e., 

-> M ® A N' -> M ® A N -> M ® A N" -> (22) 
is exact whenever (21) is exact. An ^4-algebra B is said to be flat if B is flat as an ^-module. 

Example 10.2. The functor M <g> — takes direct sums to direct sums, and therefore split- 
exact sequences to split-exact sequences. Therefore, all vector spaces over a field are flat, 
and nonzero vector spaces are faithfully flat. In fact, every module over a product of fields 
(even an infinite product) is flat. 

Example 10.3. Quotient maps A A/a are rarely flat. If A is a product, A = A\x A 2 , 
then the quotient map A — » A i is obviously flat. When A is noetherian, all flat quotient 
maps are of this form. 14 

Proposition 10.4. Let A — > B be a faithfully flat homomorphism of rings. A sequence 
of A-modules 

-» N' -> N -» N" -> (23) 

is exact if 

-> 5 <gu iV' -> 5 «u JV -> B ® A N" -> (24) 

is exact. 

PROOF. Let Ao be the kernel of A 7 AT. Because ^ 5 is flat, S <8>^ A^ is the kernel of 
B <S>a N' B <8>^4 N, which is zero by assumption; because A—*B is faithfully flat, this 
implies that A^n = 0. We have proved the exactness at A 7 , and the proof of the exactness 
elsewhere is similar. □ 

Remark 10.5. There is a converse to the proposition: suppose that 

(23) is exact 4» (24) is exact; 

then A B is faithfully flat. The implication "=>" shows that A B is flat. Now let A" be 
an ^4-module, and consider the sequence 

O^O^A^O^O. 

If B <8>^ ./V = 0, then this sequence becomes exact when tensored with B, and so is itself 
exact, which implies that N = 0. This shows that A—^B is faithfully flat. 

Corollary 10.6. Let A B be faithfully flat. An A-module M is Hat (resp. faithfully 
Hat) if B ®aM is Hat (resp. faithfully Hat) as a B -module. 



14 The set V(a) is closed in spec(A) (by definition of the topology on spec(^4)). If A — ► A/ a is flat, then V(a) is 
also open. Therefore A = A\ x A 2 and o is of the form b x A 2 with b an ideal in A\ such that V(b) = spec(^i). 
On tensoring 

-» b x A 2 ->• Ai x A 2 ->• Ai/b -> 
with ^4 1 /b we get an exact sequence 

b/b 2 Xi/b Ai/b ->■ 0. 

Therefore b = b 2 , but b is contained in all prime ideals of A\, and so this implies that b = (Nakayama's 
lemma, 3.9). 
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PROOF. Assume that Mb = B ® A A" is flat, and let N' -> N be an injective map of A- 
modules. We have that 

B ® A (M ® A N' -> M ® a N)-M b ®b (N B -» Afc), 

and the map at right is injective because A — > 5 is flat and is flat. Now (10.4) shows 
that M ® A N' ->• M <8>^ A" is injective. Thus M is flat. 

Assume that Ms is faithfully flat, and let N be an ^-module. If M ® A N = 0, then 
Mb ® b Nb is zero because it is isomorphic to (M ® A N)b- Now Nb — because Mb is 
faithfully flat, and so = because A B is faithfully flat. □ 

Proposition 10.7. Let i:A—^B be a faithfully flat homomorphism. For every A-module 
M , the sequence 

0^M-^B® A M-^B® A B® A M (25) 



with 



is exact. 



do(m) = l®m, 
d\{b®m) = \®b®m—b®\®m 



PROOF. Assume first that there exists an ^4-linear section to A —> B, i.e., an ^4-linear map 
f:B—>-A such that / o i = id A , and define 

k :B® A M^M, k (b ® m) = f (b)m 

ky.B® A B® A M B® A M, k\{b ® b' ® m) = f (b)b' ® m . 

Then kodo = id-M, which shows that do is injective. Moreover, 

kiodi + d ok = idg^M 

which shows that, if d\(x) = 0, then x = do(ko(x)), as required. 

We now consider the general case. Because A — »• B is faithfully flat, it suffices to prove 
that the sequence (25) becomes exact after tensoring in B. But the sequence obtained from 
(25) by tensoring with B is isomorphic to the sequence (25) for the homomorphism of rings 
b ><->■ \®b:B — > B ® A B and the S-module B ® A M, because, for example, 

B ® A (B ® A M) ~(B® a B)®b (B ® A M). 

Now B — »• B ® A B has an 5 -linear section, namely, f(b® b') = bb', and so we can apply 
the first part. □ 

COROLLARY 10.8. If A—*- B is faithfully flat, then it is injective with image the set of 
elements on which the maps 

? " \l\ :B^B® A B 
b b®l 

agree. 

PROOF. This is the special case M = A of the Proposition. □ 
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Proposition 10.9. Let A A' be a homomorphism of rings. If A 
faithfully Hat), then so also is A' -> B <S>a A'. 

Proof. For any ^'-module M, 

(B ® A A') ® A , M ~ B ® A {A' ® A , M) ~ B® A M, 

from which the statement follows. 

Proposition 10.10. For every multiplicative subset Sofa ring A and A-module M , 

S~ l A® A M ~ S~ l M. 

The homomorphism a \-+ y : A ->■ 5~ 1 ^4 is flat. 

PROOF. To give an S~ ^-module is the same as giving an ^4-module on which the elements 
of S act invertibly. Therefore S~ l A (& A M and S~ l M satisfy the same universal property 
(see §9, especially (19)), which proves the first statement. AsM*> S~ l M is exact (5.11), 
so also is M v> S~ l A® A M, which proves the second statement. □ 

Proposition 10.11. A homomorphism of rings cp:A^-B is Hat if A~-i( n ) -> B n is flat 
for all maximal ideals n in B . 

PROOF. Let N' — > N be an injective homomorphism of ^4-modules, and let n be a maximal 
ideal of B. Then p = (p~ 1 (n) is a prime ideal in A, and A p ® A (N f N) is injective (10.10). 
Therefore, the map 

B n ®A (N' ^N)~B n ® Ap (A p ® A (N' -> TV)) 

is injective, and so the kernel M of B <S> A (N' N) has the property that M n = 0. Let 
x € M, and let o = {b e B \ bx = 0}. For each maximal ideal n of B, x maps to zero in M n , 
and so a contains an element not in n. Hence a = B, and so x = 0. □ 

Proposition 10.12. The following conditions on a Hat homomorphism (p:A—*B are 
equivalent: 

(a) (p is faithfully Hat; 

(b) for every maximal ideal m of A, the ideal (p(m)B ^ B; 

(c) every maximal ideal m of A is of the form (p~ l (n) for some maximal ideal n of B. 
Proof, (a) =>• (b): Let m be a maximal ideal of A, and let M = A/m; then 

B® A M ~ B/<p(m)B, 

As B ® A M/0, we see that (p(m)B ^ B. 

(b) =>• (c): If (p(m)B ^ B, then (p(m) is contained in a maximal ideal n of B. Now 
<p _1 (n) is a proper ideal in A containing m, and hence equals m. 

(c) =>• (a): Let M be a nonzero ^4-module. Let x be a nonzero element of M, and let 
a = ann(x) = {a e A \ ax = 0}. Then o is an ideal in A, and M' = Ax ~ A/a. Moreover, 
B <S) A M' ~ B/(p(a)- B and, because A -> B is flat, 5 <8>^ A/' is a submodule of B ® A M. 
Because o is proper, it is contained in a maximal ideal m of A, and therefore 

(p(a) c <p(m) c n 

for some maximal ideal n of A. Hence <p(a) ■ B C n ^ B, and so B ® A M D B ® A M' ^ O.n 



B is Hat (or 
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In more geometric terms, the proposition says that a homomorphism <p:A 
faithfully flat if it is flat and the map spmS -> spm^4 is surjective. 



B is 



Theorem 10. 13 (Generic flatness). Let A an integral domain with field of fractions 
F, and let B be a finitely generated A-algebra contained in F <S>a B. Then for some nonzero 
elements a of A and b of B, the homomorphism A a ->• B/, is faithfully flat. 

PROOF. As F ®a B is a finitely generated F-algebra, the Noether normalization theorem 
(6.26) shows that there exist elements X\ , . . . , x m of F <g}^ B such that F[x\ , . . . , x m ] is a 
polynomial ring over F and F <8u B is a finite F[x\,.. . ,x m ] -algebra. After multiplying 
each Xi by an element of A, we may suppose that it lies in B. Let b\,...,b n generate B as an 
^4-algebra. Each b t satisfies a monic polynomial equation with coefficients in i^jxj , . . . , Xm\. 
Let a e A be a common denominator for the coefficients of these polynomials. Then each bi 
is integral over A a . As the b\ generate B a as an A a -algebra, this shows that B a is a finite 
A a [x\,..., x m ]-algebra (by 6.2). Therefore, after replacing A with A a and B with B a , we 
may suppose that B is a finite A[x\, . . . , x m ]-algebra. 



B 

finite 
A[X\ , . . . , X m ] 



injective 



-> F® A B — 

finite 

-> F[x\,...,x m ] 



-> E®A[x u ...,x m ] B 

finite 



-+ E = F(xi,...,x n ) 



-> F. 



Let E = F{x\, . . . ,x m ) be the field of fractions of A[x\, . . .,x m ], and let b\, . . . ,b r be 
elements of B that form a basis for E <8>A[xi,...,x m ] B as an ^-vector space. Each element 
of B can be expressed as a linear combination of the bi with coefficients in E. Let q be 
a common denominator for the coefficients arising from a set of generators for B as an 
A[xi x^]-module. Then b\,...,b r generate B q as an A[x\ , . . . , x^^-module. In other 
words, the map 

(ci,...,c r ) i— > £cjZ>/:4[xi,...,x OT ]5 S g (26) 

is surjective. This map becomes an isomorphism when tensored with E over A[x\ x m ] q , 
which implies that each element of its kernel is killed by a nonzero element of A [x\ , . . . , x m \ q 
and so is zero (because A[x\, .. -,x n ] q is an integral domain). Hence the map (26) is an 
isomorphism, and so B q is free of finite rank over A[x\ , . . . , x m ] q . Let a be some nonzero 
coefficient of the polynomial q, and consider the maps 

Aa ^ A a \x\, ... , x m \ > A a \x\, ... , x m ] q — > B aq . 

The first and third arrows realize their targets as nonzero free modules over their sources, 
and so are faithfully flat. The middle arrow is flat by (10.10). Let m be a maximal ideal in 
A a . Then mA a [xi, . . . , x m ] does not contain the polynomial q because the coefficient a of 
q is invertible in A a . Hence m^4 a [xi , . . . , x m ] q is a proper ideal of A a \x\ , . . . , x m ]^, and so 
the map A a A a \x\ , . . . , x m ] q is faithfully flat (apply 10. 12). This completes the proof. □ 

Remark 10. 14. The theorem holds for every finitely generated S-algebra, i.e., without 
the requirement that B C F <8>^ B. To see this, note that F <8>^ B is the ring of fractions 
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of B with respect to the multiplicative subset A 
B i 7 <gu B is the ideal 



{0} (see 10.10), and so the kernel of 



n = {b 6 5 | a& = for some nonzero a e .4}. 

This is finitely generated (Hilbert basis theorem 3.7), and so there exists a nonzero c e A 
such that c6 = for all 5 en. I claim that the homomorphism B c F (&a c B c is injective. 
If £r lies in its kernel, then f^-jr = in B c for some nonzero p- 6 A c , and so c N ab = 
in B for some N; therefore ben, and so cb = 0, which implies that ^ = already in fi c . 
Therefore, after replacing ,4,5, and M with A c , B c , and M c , we may suppose that the map 
B — > i 7 <8>^ 5 is injective. On identifying 5 with its image, we arrive at the situation of the 
theorem. 

Exercise 10.15. Let {Ai, a 1 -) be a direct system of rings, and let (Mi,B l .) be a direct 
system of abelian groups with the same indexing set. Suppose that each Mj has the structure 
of an A, ^-module, and that the diagrams 



-> Mi 



At x Mi 



Aj x Mj > Mj 



commute for all i < j . Let A = lim^4, and M = limM, . 
(a) Show that M has a unique structure of an ,4 -module for which the diagrams 



A t x Mi 



-> Mi 



a' x/S' 

Ax M > M 



commute for all i . 

(b) Show that M is flat as an ^-module if each Mj is flat as an ^--module. 
(Bourbaki AC, I, §2, Prop. 9.) 



11 Finitely generated projective modules 

In many situations, the correct generalization of "finite-dimensional vector space" is not 
"finitely generated module" but "finitely generated projective module". From a different 
perspective, they are the algebraists analogue of the differential geometers vector bundle. 
Throughout this section, A is a commutative ring. 

Projective modules 

Definition 11.1. An ,4-module P is projective if, for each surjective ^-linear map 
f:M-*-N and ^-linear map g: P — > N , there exists an ^-linear map h: P — > M (not 
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necessarily unique) such that / oh = g: 



M 



ah/ 

^ f 



* N 



-> 0. 



In other words, P is projective if every map from P onto a quotient of a module M lifts to a 
map to M. Equivalently, P is projective if the functor M v> Hom^_ij n (P, M) is exact. 
As 

Hom(© ; . Pj , Af) ~ Hom(P ; , M) 

we see that a direct sum of ^4-modules is projective if and only if each direct summand 
is projective. As A itself is projective, this shows that every free ^4-module is projective 
and every direct summand of a free module is projective. Conversely, let P be a projective 
module, and write it as a quotient of a free module, 

F —> P — > 0; 

because P is projective, there exists an ^4-linear map h:P — >■ F such that / o h = idp ; then 

F ss lm(h) Ker(/) «P© Ker(/), 

and so P is a direct summand of F. We conclude: the projective ^4-modules are exactly the 
direct summands of free ^4-modules. 



Finitely presented modules 

Definition 11.2. An yl-module M is finitely presented if there exists an exact sequence 
A m A n M -> 0, some m,n e N. 

A finite family (e ; )/ e / of generators for an /1-module M defines a homomorphism 
(a/) i->- X^/e/ fl i e « : 7 —> M. The elements of the kernel of this homomorphism are called 
the relations between the generators. Thus, M is finitely presented if it admits a finite family 
of generators whose module of relations is finitely generated. Obviously 

finitely presented =>■ finitely generated, 

and the converse is true when A is noetherian (by 3.4). 

PROPOSITION 11.3. If M is finitely presented, then the kernel of every surjective homo- 
morphism A m — > M , m e N, is finitely generated. 

In other words, if M is finitely presented, then the module of relations for every finite 
generating set is finitely generated. 
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PROOF. We are given that there exists a surjective homomorphism A n — >• M with finitely 
generated kernel TV, and we wish to show that the kernel N' of A m — > M is finitely generated. 
Consider the diagram: 



> JV 



/ 



v4 n 



A r 



^ M - — > 

f 

-> M > 



The map g exists because A n is projective, and it induces the map /. From the diagram, we 
get an exact sequence 

N N' —> A m /gA n -> 0, 

either from the snake lemma or by a direct diagram chase. As N and A m / gA n are both 
finitely generated, so also is N' (by 3.3(b)). □ 

If M is finitely generated and projective, then the kernel of A" — >■ M is a direct summand 
(hence quotient) of A n , and so is finitely generated. Therefore M is finitely presented. 



Finitely generated projective modules 

According to the above discussion, the finitely generated projective modules are exactly the 
direct summands of free ^4-modules of finite rank. 

THEOREM 11.4. The following conditions on an A-module are equivalent: 

(a) M is finitely generated and projective; 

(b) M is finitely presented and M m is a free A m -module for all maximal ideals m of A; 

(c) there exists a finite family (fi)iel of elements of A generating the ideal A and such 
that, for all i e I , the A f. -module M y. is free of finite rank; 

(d) M is finitely presented and flat. 

Moreover, when A is an integral domain and M is finitely presented, they are equivalent to: 

(e) dim£(p)(M <8U k(p)) is the same for all prime ideals p of A (here k(p) denotes the 
field of fractions of A/p). 

PROOF. (a)=>(d). As tensor products commute with direct sums, every free module is flat 
and every direct summand of a flat module is flat. Therefore, every projective module M is 
flat, and we saw above that such a module is finitely presented if it is finitely generated. 

(b)=Kc). Let m be a maximal ideal of A, and let Xi, x r be elements of M 
whose images in M m form a basis for M m over A m . The kernel N' and cokernel Af of the 
homomorphism 

a: A r -> M, g(a\, a r ) = ^^cijXj, 

are both finitely generated, and = = A^ m . Therefore, there exists 15 an / 6 A \ m such 
that N'j = = N f . Now a becomes an isomorphism when tensored with A j . 

The set T of elements / arising in this way is contained in no maximal ideal, and so 
generates the ideal A. Therefore, 1 = ^2i € jCiifi for certain a/ € A and fj € T. 

15 To say that 5 _1 N = means that, for each x 6 N, there exists an s x & S such that s x x = 0. If x\ , . . . ,x n 

def 

generate N, then s = s Xi •■•S x „ lies in S and has the property that sN = 0. Therefore, N s = 0. 
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(c)=Kd). Let 5 = Y\ ieI A f . . Then B is faithfully flat over A, and B <g>^ M = \\M y. , 
which is clearly a flat 5-module. It follows that M is a flat 4-module (apply 10.6). 
(c)=Ke). This is obvious. 

(e)=Kc). Fix a prime ideal p of A. For some / ^ p, there exist elements xi , . . . , x r of 
My whose images in M <g}^ /f(p) form a basis. Then the map 

&'-A r f Mf, a(a\, a r ) = J2 a i x i> 

defines a surjection A^ — >• M p (Nakayama's lemma; note that ~ ^4 p /p;4 p ). Because 
the cokernel of a is finitely generated, the map a itself will be surjective once / has been 
replaced by a multiple. For any prime ideal q of Af, the map k(q) r — > M <g>^ fc(q) defined 
by a is surjective, and hence is an isomorphism because dim(M <S>a k(c\)) = T. Thus 
Ker(a) C qA r j for every q, which implies that it is zero as Af is reduced. Therefore My is 
free. As in the proof of (b), a finite set of such /'s will generate A. □ 

To prove the remaining implications, (d)=Ka),(b) we shall need the following lemma. 
Lemma 1 1.5. Let 

O^Af^F^M^O (27) 

be an exact sequence of A-modules with N a submodule of F. 

(a) If M and F are flat over A, then N D aF = aN (inside F ) for all ideals a of A. 

(b) Assume that F is free with basis (ji)iel and that M is flat. If the element n = 
Hi€l a iyi °f F ues m N, then there exist Hi e ,/V such thatn — Yliel a i n i- 

(c) Assume that M is flat and F is free. For every finite set {n \ , n r } of elements of 
N, there exists an A-linear map f:F—>N with f (n y) = rij, j = \, ... ,r. 

Proof, (a) Consider 

a® A 7 > a<8> F > a®M 

► N n aF > aF > aM 

The first row is obtained from (27) by tensoring with o, and the second row is a subsequence 
of (27). Both rows are exact. On tensoring a — > A with F we get a map a<8> F — > F, which is 
injective because F is flat. Therefore a<8> F — > aF is an isomorphism. Similarly, a<8> M —> 
aM is an isomorphism. From the diagram we get a surjective map a<8> N N D aF, and 
so the image of a<8> N in aF is A^ D aF. But this image is aN . 

(b) Let a be the ideal generated by the a,-. Then n e N C\ aF = aN, and so there are 
rti e N such that n — ^aini . 

(c) We use induction on r . Assume first that r = 1, and write 

"i = D/e/ fl /yi 
where (jO/e/ i s a basis for F and Iq is a finite subset of F Then 



"l = Eiel a i n i 
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for some n\ e ./V (by (b)), and / may be taken to be the map such that / (_y ; ) = n\ for i e Io 
and / (yi) = otherwise. Now suppose that r > 1, and that there are maps f\ , fa : F -> N 
such that /i(«i) = n\ and 

/2(«f - /l («;)) = «; - /l («f), * = 2, . . . r. 

Then 

f:F^N, / = /i + / 2 -/ 2 °/i 
has the required property. □ 

We now complete the proof of the theorem. 

(d)=Ka). Because M is finitely presented, there is an exact sequence 

O^N -+F^M^0 

in which F is free and TV and F are both finitely generated. Because M is flat, (c) of the 
lemma shows that this sequence splits, and so M is projective. 

(d)=Kb). We may suppose that A itself is local, with maximal ideal m. Let x\ , . . . , x r e 
M be such that their images in M/mM form a basis for this over the field A/m. Then the 
%i generate M (by Nakayama's lemma), and so there exists an exact 

0^ N ^ F M ^0 

in which F is free with basis {y\ , . . . , y r ) and g(yt) = x\ . According to (a) of the lemma, 
mTV = ./V fl (mF), which equals TV because TV C mF . Therefore N is zero by Nakayama's 
lemma. 

Example 11.6. (a) When regarded as a Z-module, Q is flat but not projective (it is not 
finitely generated, much less finitely presented, and so this doesn't contradict the theorem). 

(b) Let R be a product of copies of F2 indexed by N, and let a be the ideal in R consisting 
of the elements (a n ) n€ ^ such that a n is nonzero for only finitely many values of n (so a is a 
direct sum of copies of F2 indexed by N). The i?-module R/ 1 is finitely generated and flat, 
but not projective (it is not finitely presented, and so this doesn't contradict the theorem). 

Aside 11.7. An ^-module M is finitely generated and projective if and only if Hom(M, •) com- 
mutes with arbitrary set-indexed direct sums (check; cf Keller 1998, 6.3). 

Aside 11.8. Nonfree projective finitely generated modules are common: for example, the ideals 
in a Dedekind domain are projective and finitely generated, but they are free only if principal. The 
situation with modules that are not finitely generated is quite different: if A is a noetherian ring with 
no nontrivial idempotents, then every nonfinitely generated projective A -module is free (Bass, Hyman. 
Big projective modules are free. Illinois J. Math. 7 1963, 24-31, Corollary 4.5). The condition on the 
idempotents is necessary because, for a ring Ax B, the module A^ x is not free when the sets 
I and / have different cardinalities. 

Duals 

The dual Hom^.H n (M, A) of an ^1-module M is denoted M v . 
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Proposition 11.9. For any A-modules M, S, T with M finitely generated and projective, 
the canonical maps 

Honu-fioGS, T ®a M) Hom^CS ® A M v ,T) (28) 
T ®a M ->• Hom A . m (M v , T) (29) 

m v <8> r v (m <g> r) v (30) 

M^M VV (31) 

are isomorphisms. 

Proof. The canonical map (28) sends f:S^T <%>a M to the map /':S®aM v ^T 
such that /'(s <g> g) = (T (g> g)(f (s)). It becomes the canonical isomorphism 

Honu. lin (S, T n ) -> Hom^. lin (S", T) 

when M = A n . It follows that (28) is an isomorphism whenever M is a direct summand of 
a finitely generated free module, i.e., whenever M is finitely generated and projective. 

The canonical map (29) sends t <g>m to the map / f(m)t. It is the special case of 
(28) in which S = A. 

The canonical map (30) sends / <S>g e M v <g> T v to the map m<g>t / (m)<g>g(t):M <g> 
T A, and the canonical map (31) sends m to the map f \-> f (m):M v — > A Again, it is 
obviously an isomorphism if one of M or T is free of finite rank, and hence also if one is a 
direct summand of such a module. □ 

We let ev: M v <S>a M A denote the evaluation map / ®mi^ / (m). 

Lemma 11.10. Let M and N be modules over commutative ring A, and lete: N <S>a M — »• 
A be an A-linear map. There exists at most one A-linear map 8:A^-M <S>a N such that the 
composites 



M > M®N®M ► M 

N > N ® M ® N > N 



(32) 



are the identity maps on M and N respectively. When such a map exists, 

T® A N~nom A -an(M,T) (33) 
for all A-modules T. In particular, 

(N,e)~(M v ,ev). (34) 
PROOF. From e we get an ^4-linear map 

T®e:T® A N ® A M -> T, 
which allows us to define an ^4-linear map 

xh+f x :T® A N^HoniA-rm(M,T) (35) 

by setting 

f x (m) = (T <$e)(x®m), x eT ® A N,m e M. 
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An ^4-linear map f:M—>T defines a map / (g> N:M (g>^ N — > T <g>^ iV, and so a map 
5 : ^4 — > M <8>y4 A 7 defines an ^4 -linear map 

/ w (f ® iV)(3(l)): Hom^. lin (M, T) T <g>^ AT. (36) 

When the first (resp. the second) composite in (32) is the identity, then (36) is a right 
(resp. a left) inverse to (35). 16 Therefore, when a map 8 exists with the required properties, 
the map (35) defined by e is an isomorphism. In particular, e defines an isomorphism 

m fx'<M <S>a N Hom^.ii n (M,M), 

which sends 8(a) to the endomorphism x ax of M. This proves that 5 is unique. 

To get (34), take T = M in (33). □ 

Proposition 11.11. An A-module M is finitely generated and projective if and only if 
there exists an A-linear map 8: A — »• M <8> M v such that 

(M <g> ev) o (8 <g> M) = i& M and 
(M v <g><5)o(ev<g>M v ) = id M v. 

PROOF. ==>■ ; Suppose first that M is free with finite basis (ej)is/, and let (e-)ie/ be the 
dual basis of M v . The linear map 8: A — > M <g> M v , 1 i-> iTe,- <8> e-, satisfies the conditions. 
Let (fi)izi be as in (11.4c). Then 5 is defined for each module My., and the uniqueness 
assertion in Lemma 11.10 implies that the S's for the different M/. 's patch together to give a 
8 for M. 

<=: On taking T = M in (33), we see that M v <8>^M ~ End^.i in (M). If ^ ie / /; ® 
corresponds to idjv/, so that X!;e/ /» ( m ) m i = »i f° r a U ^ e M, then 

M > A 1 > M 



is a factorization of id^- Therefore M is a direct summand of a free module of finite rank. n 



Aside 11.12. A module M over a ring ^4 is said to be reflexive if the canonical map M — > M vv is 
an isomorphism. We have seen that for finitely generated modules "projective" implies "reflexive", 
but the converse is false. In fact, for a finite generated module M over an integrally closed noetherian 
integral domain A, the following are equivalent (Bourbaki AC, VII §4, 2): 



16 Assume 8 satisfies the condition in the statement of the lemma. 

Let x 6 T ® A N; by definition, (f x ® N)(8(l)) = (T ®e® N)(x ® 5(1)). On tensoring the second sequence 



in (32) with T, we obtain maps 



T® A N ~ T® A N® A A 



>T® A N® A M® A N > T ( 



N 



whose composite is the identity map on T ® A N . As x = 
that(f x ®N)(8(l)) = x. 

Let / e Hom^4_ii n (M, T), and consider the commutative diagram 



1 maps to x ® 5(1) under T ® N ® 8, this shows 



T® A N ® A M 



M 



8®M 



f ®N ®M 



> M ® A N ® A M 



M®e 



-» T 



> M. 



For m e M, the two images of 8(1) ® m in T are f(m) and /(/®tv)(^(i))('w), and so / = f(f®N)(8(l))- 
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(a) M is reflexive; 

(b) M is torsion-free and equals the intersection of its localizations at the prime ideals of A of 
height 1; 

(c) M is the dual of a finitely generated module. 

For noetherian rings of global dimension < 2, for example, for regular local rings of Krull 
dimension < 2, every finitely generated reflexive module is projective: for every finitely generated 
module M over a noetherian ring A, there exists an exact sequence 

A m -> A" -> M -> 

with m,n e N; on taking duals and forming the cokernel, we get an exact sequence 

-> M v -> A" -> y4 m -> N -> 0; 

if ^4 has global dimension < 2, then M v is projective, and if M is reflexive, then M ~ (M v ) v . 

Aside 11.13. For a finitely generated torsion-free module M over an integrally closed noetherian 
integral domain A, there exists a free submodule L of M such that M/ L is isomorphic an ideal a in 
A (Bourbaki AC, VII, §4, Thm 6). When A is Dedekind, every ideal is projective, and so M ~ L © a. 
In particular, M is projective. Therefore, the finitely generated projective modules over a Dedekind 
domain are exactly the finitely generated torsion-free modules. 

Summary 11.14. Here is a summary of the assumptions under which the canonical mor- 
phisms of ^-modules below are isomorphisms. If P is finitely generated projective: 

P ~> p vv 

A module P is finitely generated projective if and only if the following canonical map is an 
isomorphism 

P v <g>P ^>End(P). 
If P or P' is finitely generated projective: 

/ )V ®P'^>Hom(P,P'). 
If both P and P' or both P and M or both P' and M' are finitely generated projective 

Hom(P, M) <g> HomCP', M') Hom(P <g> P', M <g> M'). 
In particular, for P or P' finitely generated projective 

P V ®P' V ^> (P®P') V . 
(Georges Elencwajg on mathoverflow.net). 

12 Zariski's lemma and the Hilbert Nullstellensatz 

Zariski 's lemma 

In proving Zariski's lemma, we shall need to use that the ring k[X] contains infinitely many 
distinct monic irreducible polynomials. When k is infinite, this is obvious, because the 
polynomials X — a, a e k, are distinct and irreducible. When k is finite, we can adapt Euclid's 
argument: if pi,...,p r are monic irreducible polynomials in k[X], then p\ ••• p r + 1 is 
divisible by a monic irreducible polynomial distinct from p\,...,p r . 
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Theorem 12.1 (Zariski' s Lemma). Let k c K be fields. If K is finitely generated as a 
k-algebra, then it is algebraic over k (hence finite over k, and it equals k if k is algebraically 
closed). 

PROOF. We shall prove this by induction on r, the smallest number of elements required to 
generate K as a ^-algebra. The case r = being trivial, we may suppose that 

K = k[x\, . . .,x r ] with r > 1. 

If K is not algebraic over k, then at least one Xi, say x\, is not algebraic over k. Then, k[x\] 
is a polynomial ring in one symbol over k, and its field of fractions k(xi) is a subfield of 
K. Clearly K is generated as a k (x\) -algebra by x%, . . . ,x r , and so the induction hypothesis 
implies that x%, . . . ,x r are algebraic over k(x\). According to Proposition 6.6, there exists a 
c e k[x\\ such that cxx, . . . , cx r are integral over Let / e K. For a sufficiently large 

N ,c N f € k[x\,cx2, ■ ■ ■ ,cx r ], and so c f is integral over k[x\] by 6.4. When we apply this 
statement to an element / of k(x{), it shows that c N f € k[x\] because &[xi] is integrally 
closed. Therefore, k(x\) = [J N c~ N k[x\\, but this is absurd, because k[x\] (~ k[X]) has 
infinitely many distinct monic irreducible polynomials that can occur as denominators of 
elements of k(x\). □ 

COROLLARY 12.2. Let Abe a finitely generated k-algebra. Every maximal ideal in A is 
the kernel of a homomorphism from A into a finite field extension of k. 

PROOF. Indeed, A/m itself is a finite field extension of k. □ 

Alternative proof of Zariski 's lemma 

The following is a simplification of Swan's simplication of a proof of Munshi — see Swan. 

Lemma 12.3. For an integral domain A, there does not exist an f e A [X] such that A [X] f 
is a field. 

PROOF. Suppose, on the contrary, that A[X] y is a field. Then f £ A, and we can write 
(/ - I)" 1 = g/f n with g e A[X] and n > 1. Then 

(/ - % = /" = (! + (/- 1))" = 1 + (/ - 1)A 

with h 6 A[X], and so (/ — l)(g — h) = 1. Hence / — 1 is a unit in A[X], which is absurd 
(it has degree > 1). □ 

Lemma 12.4. Consider rings A c B. If B is integral over A, then A n B x = A*. In 
particular, if B is a field, then so also is A. 

PROOF. Let a be an element of A that becomes a unit in B, say, ab = 1 with b e B. There 

exist ai , ...,a„ e A such that b" +a\b n ~ l H h a n = 0. On multiplying through by a n ~ l , 

we find that b = —a\ a„a"~ l e A, and so a e A x . □ 

Proposition 12.5. Let A be an integral domain, and suppose that there exists a maximal 
ideal m in A[X\ X n ] such that A D m = (0). Then there exists a nonzero element a in A 
such that A a is a field and A[X\,. . . ,X n ]/m is a finite extension of A a . 
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PROOF. Note that the condition A n m = (0) implies that A (hence also A a ) is a subring of 
the field K = A[X\ X n ]/m, and so the statement makes sense. 

We argue by induction on n. When n = 0, the hypothesis is that (0) is a maximal ideal in 
A; hence A is a field, and the statement is trivial. Therefore, suppose that n > 1, and regard 
A[X\,...,X n ] as a polynomial ring in n — 1 symbols over Then mfl A[Xi] ^ (0) 

because otherwise the induction hypothesis would contradict Lemma 12.3. Let aiX"' -\ 

be a nonzero element of m D The image Xi of Xf in K satisfies the equation 

fljJtf + ••• = (), 

and so K is integral over its subring A ay .. an . By Lemma 12.4, A ay .. an is a field, and K is 
finite over it because it is integral (algebraic) and finitely generated. □ 

We now prove Zariski's lemma. Write K = k[X\ X n ]/m. According to the proposi- 
tion, K is a finite extension of k a for some nonzero ask, but because A: is a field k a = k. 

The Nullstellensatz 

Recall that k al denotes an algebraic closure of the field k. 

Theorem 12.6 (Nullstellensatz). Every proper ideal a in k[X\, . . ,,X„] has a zero 
in (k al ) n , i.e., there exists a point (a\, . . . ,a n ) e (A: a1 )" such that f{a\, . . . ,a„) = for all 



PROOF. We have to show that there exists a /c-algebra homomorphism k[X\ ,...,X n ] —>k 
containing a in its kernel. Let m be a maximal ideal containing a. Then k[X\ , . . . , X n ]/m 
is a field, which is finite over k by Zariski's lemma, and so there exists a /c-algebra 
homomorphism k[X\ , . . . , X n ]/m —*■ k . The composite of this with the quotient map 
k[X\ , . . . , X n ] —> k[X\ X n ]/m contains a in its kernel. □ 

Corollary 12.7. When k is algebraically closed, the maximal ideals in k[X\, ... ,X n ] 
are exactly the ideals (X\ —a\,...,X n —a n ), {a\, . . . ,a n ) € k". 

Proof. Clearly, k[X\,...,X n ]/(Xi —a\,...,X n -a n ) — k, and so {X\ -a\,...,X n - 
a n ) is maximal. Conversely, because k is algebraically closed, a maximal ideal m of 
k[X\, . . . , X n ] has a zero {a\, . . . ,a n ) in k n . Let / e k[X\, . . . , X n ]; when we write / as a 
polynomial in — a \ , . . . , X n — a n , its constant term is f (a\, . . . ,a n ). Therefore 



Theorem 12.8 (Strong Nullstellensatz). For an ideal a in k [Xi,...,X n ], let Z (a) 
be the set of zeros of a in (k al ) n . If a polynomial h e k[X\, . . . , X n ] is zero on Z(a), then 
some power of h lies in a. 

PROOF. We may assume h ^ 0. Let g\,...,g m generate o, and consider the system of 
m + 1 equations in n + 1 variables, X\ , . . . , X n , Y, 



fea. 




and so m = (Xi — a\,...,X n —a n ). 



□ 



g i (X 1 ,...,X n ) = 0, i = l,..,,m 
l-Yh(X u ...,X H ) = 0. 
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If (a\, . . . ,a n ,b) satisfies the first m equations, then (a\, . . . ,a n ) e Z(o); consequently, 
h(ai, . . . ,a n ) = 0, and {a\,...,a n ,b) doesn't satisfy the last equation. Therefore, the equa- 
tions are inconsistent, and so, according to the Nullstellensatz (12.6), the ideal 

{g i ,...,g m ,\-Yh) = k[X l ,...,X n ,Y], 

and so there exist e k [X\ , . . . , X n , Y] such that 

m 

l = Y J fi-Si + fm+X-{\-Yh). (37) 

2 = 1 

On applying the homomorphism 

F^-i ■MXi,...,X n ,Y]^k(X 1 ,...,X n ) 
to (37), we obtain the identity 

l = J2 i M X i>---> X n,h- 1 )-g i (X 1 ,...,X n ) (38) 

mk(Xi,..,,X n ). Clearly 

, /v v polynomial in X x X n 
}i(X\,...,X n ,n ) = 



h N > 



for some Nj. Let N be the largest of the Nj. On multiplying (38) by h we obtain an 
identity 

h N = (polynomial in X\ , . . . , X n ) •g i (Xi,.,.,X n ), 
which shows that h" € a. □ 

PROPOSITION 12.9. The radical of an ideal a in a finitely generated k-algebra A is equal 
to the intersection of the maximal ideals containing it: rad(a) = n m Da m - ^ n particular, if A 
is reduced, then n mmaximal m = 0. 

PROOF. Because of the correspondence (2), p. 4, it suffices to prove this for A = k[X\ X n \. 

The inclusion rad(a) C Plnoa™ holds in any ring (because maximal ideals are radical 
and rad(o) is the smallest radical ideal containing a). Let a be an ideal in k[X\ X n ], and 
let h e rimDa m - F° r any {a\ , . . . , a n ) e Z(a), the evaluation map 

f\+f(ai,...,a n ):k[X u ...,X n ]^k a 

has image a subring of k al which is algebraic over k, and hence is a field (see §1). Therefore, 
the kernel of the map is a maximal ideal, which contains a, and therefore also contains h. 
This shows that h(a\, . . . ,a„) = 0, and we conclude from the strong Nullstellensatz that 
h 6 rad(a). □ 
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13 The spectrum of a ring 

Definition 

Let A be a ring, and let V be the set of prime ideals in A. For an ideal a in A, let 

7(a) = {p 6 7 | p D a}. 

Proposition 13.1. There are the following relations: 

(a) a C b =>■ 7(a) D 7(b); 

(b) 7(0) = 7; 7L4) = 0; 

(c) 7(ab) = K(an b) = 7(a) U 7(b); 

(d) F(X)/ 6 /tli) = H/e/ ^( a /) for every family of ideals (a,), e /. 
PROOF. The first two statements are obvious. For (c), note that 

abConbCa,b =>• 7(ab) D 7(afl b) D 7(a) U 7(b). 

For the reverse inclusions, observe that if p 7(a) U 7(b), then there exist an / ea^p and 
a g 6 b v p; but then /g e ab v p, and so p ^ 7(ab). For (d) recall that, by definition, J] a/ 
consists of all finite sums of the form ^2 fi, fi 6 a,- . Thus (d) is obvious. □ 

Statements (b), (c), and (d) show that the sets 7(a) satisfy the axioms to be the closed 
subsets for a topology on V: both the whole space and the empty set are closed; a finite 
union of closed sets is closed; an arbitrary intersection of closed sets is closed. This topology 
is called the Zariski topology on V. We let spec(^4) denote the set of prime ideals in A 
endowed with its Zariski topology. 

For h € A, let 

D(h) = {p e 7 | h £ p}. 

Then D(h) is open in 7, being the complement of 7( (h)). If S is a set of generators for an 
ideal a, then 

V^V(a) = {J heS D(h), 
and so the sets D(h) form a base for the topology on V. Note that 

D(h\---h n ) = D(h{) n ••• n D(h n ). 

For every element h of A, spec(^4/,) ~ D(h) (see 5.4), and for every ideal a in A, spec(^4)/a ~ 
7(a) (isomorphisms of topological spaces). 

The ideals in a finite product of rings A = A\ x • ■ ■ x A n are all of the form ai x ••• x a n 
with a,- an ideal in Ai (cf. p. 8). The prime (resp. maximal) ideals are those of the form 

A\ x • • • x Ai-i x o/ x Ai+i x • • • x A„ 

with a,- prime (resp. maximal). It follows that spec(^4) = |_J ; - spec(^4,) (disjoint union of 
open subsets). 
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Idempotents and connected components 

Let A be a ring. In §1, we saw that complete sets of orthogonal idempotents in A correspond 
to decompositions of A into a finite product of rings. We now see that they also correspond 
to decompositions of spec A into a finite disjoint union of open subsets. 

Lemma 13.2. The space spec^4 is disconnected if and only if A contains a nontrivial 
idempotent. 

PROOF. Let e be a nontrivial nilpotent, and let / = 1 — e. For a prime ideal p, the map 
A — »• A/p must send exactly one of e or / to a nonzero element. This shows that spec A is a 
disjoint union of the sets 17 D(e) and D(f), each of which is open. If D(e) = spec A, then 
e would be a unit (2.2), and hence can be cancelled from ee = e to give e = 1. Therefore 
D(e) ^ spec A, and similarly, D(f) ^ spec A. 

Conversely, suppose that spec A is disconnected, say, the disjoint union of two nonempty 
closed subsets V(a) and V(b). Because the union is disjoint, no prime ideal contains both 
o and b, and so a + b = A. Thus a + b = 1 for some a e a and b e b. As ab e a D b, all 
prime ideals contain ab, which is therefore nilpotent (2.4), say (ab) m = 0. Any prime ideal 
containing a m contains a; similarly, any prime ideal containing b m contains b; thus no prime 
ideal contains both a m and b m , which shows that (a m ,b m ) = A. Therefore, 1 = ra m +sb m 
for some r, s e A. Now 

(ra m )(sb m ) = rs{ab) m = 0, 

( ra m ) 2 = (ra m ){\-sb m ) = ra m , 
(sb m ) 2 = sb m 
ra m +sb m = 1, 

and so {ra m ,sb m } is a complete set of orthogonal idempotents. Clearly V(a) C V(ra m ) 
and V(b) C V(sb m ). As V(ra m ) n V(sb m ) = 0, we see that V(a) = V{ra m ) and V(b) = 
V(sb m ), and so each of ra m and is a nontrivial idempotent. □ 

Proposition 13.3. Let {e\, . . .,e„} be a complete set of orthogonal idempotents in A. 
Then 

spec A = D(ei) U ... U D(e„) 

is a decomposition of spec A into a disjoint union of open subsets. Moreover, every such 
decomposition arises in this way. 

PROOF. Let p be a prime ideal in A. Because A/p is an integral domain, exactly one of the 
e, 's maps to 1 in A/p and the remainder map to zero. This proves that spec A is the disjoint 
union of the sets D(ei). 

Now consider a decomposition 

spec ,4 = UxU,..UU„ 

each Ui open. We use induction on n to show that it arises from a complete set of orthogonal 
idempotents. When n = 1, there is nothing to prove, and when n > 2, we write 

spec A = Ui U (U 2 U . . . U U n ). 

17 The set D(e) consists of the prime ideals of A not containing e, and V(a) consists of all prime ideals 
containing a. 
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The proof of the lemma shows that there exist orthogonal idempotents e\, e\ e A such that 
e\ + e[ = 1 and 

Ui = D( ei ) 
U 2 U..,UU n = D(e[) = specie',. 

By induction, there exist orthogonal idempotents e 2 , . . . , e n in Ae[ such that e 2 H V e n = 

e\ and Uj = D(ej) for i =2,.,.,n. Now {e\,...,e n } is a complete set of orthogonal 
idempotents in A such that Uj = D(ej) for all i. □ 

The topological space spec(^4) 

We study more closely the Zariski topology on spec(^4). For each subset S of A, let V(S) 
denote the set of prime ideals containing S, and for each subset W of specC4), let I(W) 
denote the intersection of the prime ideals in W: 

S C A, V(S) = {p e spec(4) | S C p}, 

WCspec(A), I(W) = fl p. 

Thus V(S) is a closed subset of spec(^4) and I(W) is a radical ideal in A. If F(a) D then 
o C I(W), and so V(a) D VI(W). Therefore VI(W) is the closure of W (smallest closed 
subset of spec(^4) containing W); in particular, VI(W) = W if W is closed. 

Proposition 13.4. Let V be a ciosed subset of spec(^4). 

(a) There is an order-inverting one-to-one correspondence W 4* /(H^) between the closed 
subsets of spec(^4) and the radical ideals in A. 

(b) The closed points of V are exactly the maximal ideals in V. 

(c) If A is noetherien, then every ascending chain of open subsets U\ C U% C • • • ofV 
eventually becomes constant; equivalently, every descending chain of closed subsets 
of V eventually becomes constant. 

(d) If A is noetherian, every open covering of V has a finite subcovering. 

Proof, (a) and (b) are obvious. 

(c) We prove the second statement. A sequence V\ D V% D • • • of closed subsets of V 
gives rise to a sequence of ideals I{V\) C /(V2) C . . ., which eventually becomes constant. 
If I(V m ) = 7<r m+ i), then VI(V m ) = VI(V m+i ), i.e., V m = V m+1 . 

(d) Let V = U/€/ Ui with each Uj open. Choose an z'o € /; if Uj ^ V, then there 
exists an i\ 6 I such that Uj Uj U Cfj . If Uj U f/^ ^ V, then there exists an i 2 e 7 etc.. 
Because of (c), this process must eventually stop. □ 

A topological space V having the property (b) is said to be noetherian. This condition is 
equivalent to the following: every nonempty set of closed subsets of V has a minimal element. 
A topological space V having property (c) is said to be quasi-compact (by Bourbaki at least; 
others call it compact, but Bourbaki requires a compact space to be Hausdorff). The proof 
of (d) shows that every noetherian space is quasi-compact. Since an open subspace of a 
noetherian space is again noetherian, it will also be quasi-compact. 18 

18 In fact, spec(^l) is always quasi-compact. To see this, let (f7, ) ;S / be an open covering of spec(^). On 
covering each Uj with basic open subsets, we get a covering (D(hj)) /e j of spec(^4) by basic open subsets. 

Because spec(^l) = [J- D(hj), the ideal generated by the hj is A, and so 1 =a\hj x H \-a m hj m for some 

,a m e A. Therefore spec(/l) = Ui</<m DQij,), and it follows that spec(^4) is covered by finitely many 
of the sets Uj . 
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Definition 13.5. A nonempty topological space is said to be irreducible if it is not the 
union of two proper closed subsets. Equivalent conditions: any two nonempty open subsets 
have a nonempty intersection; every nonempty open subset is dense. 

If an irreducible space W is a finite union of closed subsets, W = WiU . . .U W r , then 
W = Wi or W z U . . . U W r ; if the latter, then W = W 2 or W 3 U . . . U W r , etc.. Continuing in 
this fashion, we find that W = Wi for some i . 

The notion of irreducibility is not useful for Hausdorff topological spaces, because the 
only irreducible Hausdorff spaces are those consisting of a single point — two points would 
have disjoint open neighbourhoods. 

Proposition 13.6. A closed subset W of specm(^) is irreducible if and only if it is 
irreducible. In particular, the spectrum of a ring A is irreducible if and only if the nilradical 
of A is prime. 

PROOF. =>■: Let W be an irreducible closed subset of specL4), and suppose that fg e I(W). 
Then fg lies in each m in W, and so either / e m or g e m; hence W C V(f) U V(g), and 
so 

w = (w n V(f)) u(wn v(g)). 

As W is irreducible, one of these sets, say W D V(f), must equal W. But then / e I(W). 
We have shown that I(W) is prime. 

<^=: Assume I(W) is prime, and suppose that W = V(d) U V(b) with a and b radical 
ideals — we have to show that W equals V(d) or V(b). Recall that V(d) U V(b) = V(aH b) 
(see 13.1c) and that an b is radical; hence I(W) = an b (by 14.2). If W ^ V(a), then there 
exists an / e a\ I(W). For all g € b, 

fgeanb = I(W). 

Because I(W) is prime, this implies that b C I(W); therefore W C V(b). □ 

Thus, in the spectrum of a ring, there are one-to-one correspondences 

radical ideals 4* closed subsets 
prime ideals 4> irreducible closed subsets 
maximal ideals one-point sets. 

Example 13.7. Let / ek[Xi,...,X n ]. According to Theorem 4.9, k [X\,...,X„] is a 
unique factorization domain, and so (/) is a prime ideal if and only if / is irreducible (4.1). 
Thus 

V(f) is irreducible <^=^ / is irreducible. 
On the other hand, suppose that / factors as 



Then 



/ = Y\ fi"' > fi distinct irreducible polynomials. 

if) = f](fi mi ), Of") distinct ideals, 
rad((/)) = f^j (fi) distinct prime ideals, 

V(f) = l^J V(f{), V(f{) distinct irreducible algebraic sets. 
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Proposition 13.8. Let V be a noetherian topological space. Then V is a finite union of 
irreducible closed subsets, V = V\ U . . . U V m . If the decomposition is irredundant in the 
sense that there are no inclusions among the Vj , then the Vj are uniquely determined up to 
order. 

PROOF. Suppose that V can not be written as a finite union of irreducible closed subsets. 
Then, because V is noetherian, there will be a closed subset W of V that is minimal 
among those that cannot be written in this way. But W itself cannot be irreducible, and so 
W = W\ U W%, with each Wj a proper closed subset of W. Because W is minimal, both W\ 
and Wi can be expressed as finite unions of irreducible closed subsets, but then so can W . 
We have arrived at a contradiction. 
Suppose that 

V = Vi U . . . U V m = W\ U . . . U W„ 

are two irredundant decompositions. Then Vj = {Jj(Vj D Wj), and so, because Vi is 
irreducible, Vi = Vj D Wj for some j . Consequently, there exists a function f:{l,...,m}— > 
{1, . . . ,n) such that Vj C W/q-) for each i . Similarly, there is a function g: {1, ...,«} — > 
{l,...,m} such that Wj C V g (j) for each j . Since Vi C W/q) C V g fQ), we must have 
gf(i) = i and Vj = Wrny, similarly fg = id. Thus / and g are bijections, and the 
decompositions differ only in the numbering of the sets. □ 

The Vj given uniquely by the proposition are called the irreducible components of V. 
They are the maximal closed irreducible subsets of V. In Example 13.7, the V(fj) are the 
irreducible components of V( f). 

COROLLARY 13.9. A radical ideal a in a noetherian ring is a finite intersection of prime 
ideals, a = pi fl ... fl p n ; if there are no inclusions among the p,- , then the p/ are uniquely 
determined up to order. 

PROOF. Write V(a) as a union of its irreducible components, V(a) = \JVj, and take p/ = 
KVj). 

In particular, a noetherian ring has only finitely many minimal prime ideals, and their 
intersection is the radical of the ring. 

COROLLARY 13.10. A noetherian topological space has only finitely many connected 
components (each of which is open). 

PROOF. Each connected component is closed, hence noetherian, and so is a finite union of 
its irreducible components. Each of these is an irreducible component of the whole space, 
and so there can be only finitely many. □ 

Remark 13.11. (a) An irreducible topological space is connected, but a connected topo- 
logical space need not be irreducible. For example, Z(X\Xj) is the union of the coordinate 
axes in k 2 , which is connected but not irreducible. A closed subset V of spec(A) is not 
connected if and only if there exist ideals a and b such that a fl b = I(V) and a + b = A. 

(b) A Hausdorff space is noetherian if and only if it is finite, in which case its irreducible 
components are the one-point sets. 

(c) In a noetherian ring, every proper ideal a has a decomposition into primary ideals: 
o = P) q,- (see §17). For radical ideals, this becomes a simpler decomposition into prime 
ideals, as in the corollary. For an ideal (f) ink [X\ ,...,X n ] with / = J~[ f™' , it is the 
decomposition (/) = f^if™') noted in Example 13.7. 
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14 Jacobson rings and max spectra 

Definition 14.1. A ring A is Jacobson if every prime ideal in A is an intersection of 
maximal ideals. 

A field is Jacobson. The ring Z is Jacobson because every nonzero prime ideal is 
maximal and (0) = Hp=2 3 5 Cp)- ^ principal ideal domain (more generally, a Dedekind 
domain) is Jacobson if it has infinitely many maximal ideals. A local ring is Jacobson 
if and only if its maximal ideal is its only prime ideal. Proposition 12.9 shows that every 
finitely generated algebra over a field is Jacobson. 

Proposition 14.2. The radical of an ideal in a Jacobson ring is equal to the intersection of 
the maximal ideals containing it. (Therefore, the radical ideals are precisely the intersections 
of maximal ideals.) 

PROOF. Proposition 2.4 says that the radical of an ideal is an intersection of prime ideals, 
and so this follows from the definition of a Jacobson ring. □ 

In a Jacobson ring A, there are natural one-to-one correspondences between 
o the decompositions of spm(^4) into a finite disjoint union of open subspaces, 
o the decompositions of A into a finite direct products of rings, and 
o the complete sets of orthogonal idempotents in A. 

Aside 14.3. Any ring of finite type over a Jacobson ring is a Jacobson ring (EGA IV 10.4.6). 
Moreover, if B is of finite type over A and A is Jacobson, then the map A—*- B defines a continuous 
map specm(_B) — > specm(^). 

Aside 14.4. The spectrum spec(^4) of a ring A is the set of prime ideals in A endowed with the 
topology for which the closed subsets are those of the form 

V(a) = {p | p D a}, a an ideal in A. 

Thus specm(^4) is the subspace of spec(^l) consisting of the closed points. When A is Jacobson, 
the map U ' \-+ U T) specm(^4) is a bijection from the set of open subsets of spec(A) onto the set of 
open subsets of specm(^4); therefore specm(^4) and spec(^l) have the same topologies — only the 
underlying sets differ. 

Aside 14.5. Let k = K or C. Let Ibea set and let A be a ^-algebra of fc-valued functions on X. 
In analysis, X is called the spectrum of A if, for each /c-algebra homomorphism (p: A — ► k, there 
exists a unique x € X such that (p( f ) = f (x) for all / e A, and every x arises from a <p (cf. Cartier 
2007, 3.3.1, footnote). 

Let A be a finitely generated algebra over an arbitrary algebraically closed field k, and let 
X = specm(^4). An element / of A defines a ^-valued function 

ran- / mod m 

on X. When A is reduced, Proposition 12.9 shows that this realizes A as a ring of A: -valued functions 
on X. Moreover, because (40) is an isomorphism in this case, for each A; -algebra homomorphism 
cp:A — >■ k, there exists a unique x € X such that (p(f ) = fix) for all / e A. In particular, when 
k = C and A is reduced, specm(^t) is the spectrum of A in the sense of analysis. 

19 ln a principal ideal domain, a nonzero element a factors as a = up^ 1 ■■■ p r s s with u a unit and the p, prime. 
The only prime divisors of a are pi,...,p s , and so a is contained in only finitely many prime ideals. Similarly, 
in a Dedekind domain, a nonzero ideal o factors as a = pj 1 •••pj 5 with the p,- prime ideals (cf. 18.7 below), and 
pi , . . . ,p r are the only prime ideals containing a. On taking o = (a), we see that again a is contained in only 
finitely many prime ideals. 
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The max spectrum of a finitely generated k -algebra 

Let k be a field, and let A be a finitely generated /:-algebra. For any maximal ideal m of A, 
the field k(m) = is a finitely generated /: -algebra, and so /c(m) is finite over k (Zariski's 
lemma, 12.1). In particular, it equals k(m) = k when k is algebraically closed. 

Now fix an algebraic closure k al . The image of any /:-algebra homomorphism A —>■ k al 
is a subring of k al which is an integral domain algebraic over k and therefore a field (see 
§1). Hence the kernel of the homomorphism is a maximal ideal in A. In this way, we get a 
surjective map 

Hom fc _ alg 04, k a{ ) specmL4). (39) 
Two homomorphisms A -> k al with the same kernel m factor as 

A^k(m)^k a \ 

and so differ by an automorphism 20 of k . Therefore, the fibres of (39) are exactly the orbits 
of Gal(A: a1 / k). When k is perfect, each extension A:(m)/ k is separable, and so each orbit 
has [/c(m):&] elements, and when k is algebraically closed, the map (39) is a bijection. 

Set A = k[X\ X n ]/ o. Then to give a homomorphism A — >• k aX is the same as giving 
an « -tuple {a i , . . . , a n ) of elements of k al (the images of the Zj ) such that f(a i , . . . , a n ) = 
for all f € a, i.e., an element of the zero-set Z(a) of o. The homomorphism corresponding 
to (ai,,..,a n ) maps k(m) isomorphically onto the subfield of k al generated by the cz/'s. 
Therefore, we have a canonical surjection 

Z(o) -> specm(^) (40) 

whose fibres are the orbits of Gal(A: a1 / k). When the field k is perfect, each orbit has 
[k[a\, . ..,a n ] : &]-elements, and when k is algebraically closed, Z(o) ~ specm(^4). 

Maps of max spectra 

Let (p: A — > B be a homomorphism of finitely generated ^-algebras (k a field). Because B is 
finitely generated over k, its quotient B/m by any maximal ideal m is a finite field extension 
of k (Zariski's lemma, 12.1). Therefore the image of A in B /m is an integral domain finite 
over k, and hence is a field (see §1). Since this image is isomorphic to A/(p~ l (m), this 
shows that the ideal (m) is maximal in A. Therefore <p defines a map 

cp*:specm(B) —> specmL4), ra^^'fm), 

which is continuous because (<p*) -1 (D(f)) = D((p(f)). In this way, specm becomes a 
functor from finitely generated /c-algebras to topological spaces. 

Theorem 14.6. Let(p:A — > B be a homomorphism of finitely generated k -algebras. Let 
U be a nonempty open subset of specm(B), and let (p* (U)~ be the closure of its image in 
specm(^4). Then <p*(U) contains a nonempty open subset of each irreducible component of 

<P*(uy. 

20 Let / and g be two ^-homomorphisms from a finite field extension k' of k into k al . We consider the set 
of pairs (K,a) in which a is a fc-homomorphism from a subfield K of & al containing f(k') into fc al such that 
ao f = g. The set is nonempty, and Zorn's lemma can be applied to show that it has a maximal element (K' ,a'). 
For such an element K' will be algebraically closed, and hence equal to fc al . 
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PROOF. Let W = specm(S) and V = specmL4), so that (p* is a continuous map W V. 

We first prove the theorem in the case that p is an injective homomorphism of integral 
domains. For some b ^ 0, D(b) C U. According to Proposition 14.7 below, there exists 
a nonzero element a e A such that every homomorphim a: A — > k aX such that a (a) ^ 
extends to a homomorphism B:B^-k al such that B(b) ^ 0. Let m € D(a), and choose a to 
be a homomorphism A k aX with kernel m. The kernel of B is a maximal ideal n e Z)(&) 
such that <p _1 (n) = m, and so D(a) C <p*(D(b)). 

We now prove the general case. If W\, . . . ,W r are the irreducible components of W, 
then (p*(W)~ is a union of the sets cp*{Wi)~ , and any irreducible component C of <p*(U)~ 
is contained in one of (p*(Wi)~, say #>*(Wi) _ . Let q = I(W\) and let p = <p _1 (q). Because 

is irreducible, they are both prime ideals. The homomorphism (p:A B induces an 
injective homomorphism q>: A/p -> B /q, and <p* can be identified with the restriction of q>* 
to W\. From the first case, we know that (p*(U D W\) contains a nonempty open subset of 
C, which implies that (p*(U) does also. □ 

In the next two statements, A and B are arbitrary commutative rings — they need not be 
/:-algebras. 

Proposition 14.7. Let Ad B be integral domains with B finitely generated as an algebra 
over A, and let b be a nonzero element of B. Then there exists an element a ^ in A 
with the following property: every homomorphism a:A—*Q from A into an algebraically 
closed field Q such thata(a) ^ can be extended to a homomorphism B:B^-Q such that 
B{b) ± 0. 

We first need a lemma. 

Lemma 14.8. Let B D Abe integral domains, and assume B = A[t] = A[T]/a. Let c C A 
be the ideal of leading coefficients of the polynomials in a. Then every homomorphism 
a\A^-Q from A into an algebraically closed field Q such that a (c) ^ can be extended 
to a homomorphism of B into Q. 

PROOF. If a = 0, then c = 0, and every a extends. Thus we may assume o ^ 0. Let a be a 

homomorphism A Q such that a(c) ^ 0. Then there exist polynomials a m T m -\ h flo 

in a such that a(a m ) ^ 0, and we choose one, denoted /, of minimum degree. Because 
B ^ 0, the polynomial / is nonconstant. 

Extend a to a homomorphism A[T] £2[T], again denoted a, by sending T to T, and 
consider the subset a(a) of £2[T]. 

First case: a(a) does not contain a nonzero constant. If the I2-subspace 
of £2[T] spanned by a(a) contained 1, then so also would a(a), 21 contrary to hypothesis. 
Because 

T-J2cia(gi) = J2cia(giT), a € Q, g t € a, 

this ^2-subspace an ideal, which we have shown to be proper, and so it has a zero c in Q. 
The composite of the homomorphisms 

A[T] Q[T] — ► Q, T^T^c, 

factors through ^4[r]/a = B and extends a. 

2 'Use that, if a system of linear equation with coefficients in a field k has a solution in some larger field, then 
it has a solution in k . 
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Second case: a (a) contains a nonzero constant. This means that a contains a 
polynomial 

g (T) = b„T n + --- + b such that a(b ) + 0, a(b{) = a(b 2 ) = ••• = 0. 

On dividing f(T) into g(T) we obtain an equation 

aig(T) = q(T)f(T) + r(T), d s N, q,r e A[T], degr<m. 

When we apply a, this becomes 

a(a m ) d et(b ) = a(q)a(f) +a(r). 

Because a(f) has degree m > 0, we must have = 0, and so a(r) is a nonzero constant. 
After replacing g(T) with r (7), we may suppose that n < m. If m = 1, such a g(7") can't 
exist, and so we may suppose that m > 1 and (by induction) that the lemma holds for smaller 
values of m. 

For h(T) = c r T r + c r -iT r - 1 + --- + co, let h'(T) = c r + --- + c T r . Then the A- 
module generated by the polynomials T s h'(T), s > 0, h e a, is an ideal a' in A[T]. Moreover, 
a' contains a nonzero constant if and only if o contains a nonzero polynomial cT r , which 
implies t = and A = B (since B is an integral domain). 

When a' does not contain a nonzero constant, we set B' — A[T]/a' = A[t']. Then a' 

contains the polynomial g' = b n + h boT n , and a(bo)^ 0. Because degg 7 < m, the 

induction hypothesis implies that a extends to a homomorphism B' — > fi. Therefore, there 
exists a c 6 12 such that, for all h{T) = c r T r + cv-i7 nr_1 H \- Co e a, 

h'(c) = a(c r ) + a{c r -i)c H h c c r = 0. 

On taking h = g, we see that c = 0, and on taking h = f, , we obtain the contradiction 
a(a m ) = 0. □ 

PROOF (OF 14.7). Suppose that we know the proposition in the case that B is generated by 
a single element, and write B = A[t\, . . . , t n \. Then there exists an element b n -\ such that any 
homomorphism a : A [t\ ,...,£„_ i ] — >• Q such that a {b n -\ ) ^ extends to a homomorphism 
/3: B — > Q such that fi(b) ^ 0. Continuing in this fashion (with b n -\ for b), we eventually 
obtain an element a e A with the required property. 

Thus we may assume B — A[t]. Let o be the kernel of the homomorphism T \-> t, 
A[T]^A[t]. 

Case (i). The ideal a = (0). Write 

b = f(t) = a t" +a\t n ~ l H ha„, a,- e A, 

and take a = ao- If a: A — > ^2 is such that a(ao) 7^ 0, then there exists a c e Q such that 
/(c) 7^ 0, and we can take /3 to be the homomorphism ^d[t l i->- J]a((i/)c' . 

Case (ii). The ideal 7^ (0). Let / (T) = a m T m H h «o> a m 7^ 0, be an element of 

of minimum degree. Let h(T) e A[T] represent b. Since b 7^ 0, h a. Because / is 
irreducible over the field of fractions of A, it and h are coprime over that field. In other 
words, there exist u,v € A[T] and a nonzero c e A such that 

uh + vf = c. 

It follows now that cci m satisfies our requirements, for if a (cci m ) 7^ 0, then cc can be extended 
to p: B -> Q by the lemma, and p(u(t)-b) = 0(c) ^ 0, and so p(b) ^ 0. □ 



15 QUASI-FINITE ALGEBRAS AND ZARISKFS MAIN THEOREM. 



66 



Remark 14.9. In case (ii) of the last proof, both b and b 1 are algebraic over A, and so 
there exist equations 

aob m H \-a m = 0, at e A, a ^ 0; 

a' b~ n H h a' n = 0, a ■ e 4, a ^ 0. 

One can show that a = ao«o has the property required by the proposition (cf. AM 5.23, 
p.66). 

Aside 14.10. In general, the map A — > A[X] does not induce a map spm(,4[X]) — > spm(^4). Con- 
sider for example a discrete valuation ring A with maximal ideal (n) (e.g., with maximal ideal 
(/?)). The ideal (nX — 1) is maximal, because A[X]/(itX — 1) is the field of fractions of A (by 5.3), 
but (jrX — 1) fl A = (0), which is not maximal. 

15 Quasi-finite algebras and Zariski's main theorem. 

In this section we prove a fundamental theorem of Zariski. 22 Throughout, k is a field and A 
is a commutative ring. 

Quasi-finite algebras 

Proposition 15.1. Let B be a finite generated k-algebra. A prime ideal q of B is an 
isolated point of spec(B) if and only if B q is finite over k. 

PROOF. To say that q is an isolated point of spec(S) means that there exists an / efi\t| 
such that spec(5y) = {q}. Now Bf is noetherian with only one prime ideal, namely, 
m = qB f, and so it is artinian (7.6). The quotient B y /m is a field which is finitely generated 
as a /c-algebra, and hence is finite over k (Zariski's lemma 12.1). Because B f is artinian, 

Bf D m D m 2 D ■ ■ ■ 

can be refined to a finite filtration whose quotients are one-dimensional vector spaces over 
B f /m. Therefore B f is a finite /:-algebra. As / ^ q, we have S q = (B y) q , which equals 
B f because B j is local. Therefore B q is also a finite ^-algebra. 

For the converse, suppose that S q is finite over k, and consider the exact seqence 

0^M^B^B q ^N^0 (41) 

of S-modules. When we apply the functor S~ l to (41), it remains exact (5.11), but the 
middle arrow becomes an isomorphism, and so M q = = N q . Because B is noetherian, 
the B -module M is finitely generated, with generators e\,...,e m say. As M q = 0, there 

exists, for each i, an fi e B \ q such that foei = 0. Now f' = fi... f m has the property 
that f'M = 0, and so My/ = 0. 

Because S q is a finite k-algebra, N is finitely generated as a /:-module, and therefore 
also as a S-module. As for M , there exists an f'sB^q such that My// = 0. Now 

/ = /'/" e B v q has the property that My = = N y. When we apply the functor Sj 1 
to (41), we obtain an isomorphism Bf ~ S q , and so spec(5y) = spec(5 q ) = {q}, which 
shows that q is an isolated point. □ 

22 0ur exposition of the proof follows those in Raynaud 1970 and in Hochster's course notes from Winter, 
2010. 
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Proposition 15.2. LetB be a finitely generated k -algebra. The space spec(S) is discrete 
if and only if B is a finite k -algebra. 

PROOF. If B is finite over k, then it is artinian and so (7.7) 

B = Y\{B m | tn maximal} (finite product), 

and 

spec(S) = spec(B m ) = {m} (disjoint union of open subsets). 

I — Mn I — Mil 

Therefore each point is isolated in spec(fi). 

Conversely, if spec(B) is discrete then it is a finite disjoint union, 

spec(£) = [J spec(S /( ), fieB, 

l<i<n 

with spec(By.) = {q,}. Hence B = Y\\<i< n & ft 0>y 13.3) with B f. = B qr According to 
Proposition (15.1), each £>algebra B qi is finite over k, and so B is finite over k. □ 

Definition 15.3. Let B be a finitely generated ^-algebra. 

(a) Let q be a prime ideal of B, and let p = q c . The ring B is said to be quasi-finite over 
A at q if B q /pB q is a finite /c(p)-algebra. 

(b) The ring B is said to be quasi-finite over A if it is quasi-finite over A at all the prime 
ideals of B. 

Proposition 15.4. LetB be a finitely generated A-algebra. Letq be a prime ideal of B , 
and let p = q c . Then B is quasi-finite over A at q if and only if q is an isolated point of 
spec(5 <8UK(p)). 

Proof. As 

B q /pB q ~ (B/pB) q/v ~ (B ® A K(p)) q/p , 
this is an immediate consequence of (15. 1) applied to the Ar(p)-algebra B ®a /c(p). □ 

The prime ideals of B/pB correspond to the prime ideals of B whose contraction to A 
contains p, and the prime ideals of B <8>^ K(p) correspond to the prime ideals of B whose 
contraction to A is p. To say that B is quasi-finite over A at q means that q is both maximal 
and minimal among the prime ideals lying over p (i.e., that each point of spec(5 <S>a K (p)) 
is closed). 

Proposition 15.5. A finitely generated A-algebra B is quasi-finite over A if and only if, 
for all prime ideals p of A, B <8>^ /c(p) is finite over /c(p). 

PROOF. Immediate consequence of (15.2). □ 

Example 15.6. Let C be a finitely generated ^4-algebra. If C is finite over A, then 
C <8>^ k(p) is finite over /c(p) for all prime ideals p of A, and so C is quasi-finite over A. In 
particular, spec(C) is discrete, and so if B is a finitely generated C-algebra such that the 
map spec(B) — >• spec(C) is an open immersion, then B is also quasi-finite over A. Zariski's 
main theorem says that all quasi-finite ^4-algebras arise in this way. 

The next two lemmas will be used in the proof of Zariski's main theorem. 
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Lemma 15.7. Let A — > C — > B be homomorphisms of rings such that the composite 
A—^-Bis of finite type, and let q be a prime ideal of B. If B is quasi-finite over A at q, then 
it is quasi-finite over C at q. 

PROOF. Let p^ and pc be the inverse images of q in A and C respectively. Then spec(B <g>c 
K(pc)) is subspace of spec(S <S>a k(Pa)), and so if q is an isolated point in the second space, 
then it is an isolated point in the first space. □ 

Lemma 15.8. Let A C C C B be rings. Let q be a prime ideal of B, and let x = q D C and 
p = qnA 

(a) If q is minimal among the primes lying over p and there exists a u e C \ q such that 
C u = B u , then x is minimal among the primes lying over p. 

(b) If B is integral over a finitely generated A-subalgebra B® and q is maximal among the 
prime ideals lying over p, then r is maximal among the prime ideals lying over p. 

(c) Assume that B is integral over a finitely generated A-subalgebra Bo, and that there 
exists a u e C v q such that C u = B u . If B is quasi-finite over A at q, then C is 
quasi-finite over A at x. 

PROOF, (a) If x' is a prime ideal of C lying over p and strictly contained in t, then by 
extending x' to C u = B u and then contracting the result to B, we obtain a prime ideal q' of 
B lying over p and strictly contained in q. 

(b) We may replace A, C, and B with their localizations at p, and so assume that A is 
local with maximal ideal p. Then 

A/pcC/xC B/q 

and we also have 

A/p C B /x' C B/x 

where x' = q D Bo. As q is maximal among the prime ideals lying over p, B/q is a field. As 
B/q is integral over Bo/x', the latter is also a field (see 6.16), and it is finitely generated as 
an v4/p-algebra. Zariski's lemma (12.1) now shows that Bq/x' is a finite algebraic extension 
of A/p, and so B/q is an algebraic extension of A/p. It follows that C/r is a field, and so r 
is maximal among the prime ideals in C over p. 

(c) Combine (a) and (b) (with the remark following (15.3)). □ 

Aside 15.9. Geometrically, to say that A — ► B is quasi-finite means that the map Spec B — > Spec yl 
has finite fibres. The condition that A — ► B be finite is much stronger: it not only requires that 
Spec B — > Spec A have finite fibres but also that it be universally closed. See, for example, my notes 
on algebraic geometty. 

Statement of Zariski's main theorem 

Theorem 15.10. Let B be a finitely generated A-algebra, and let A' be the integral closure 
of A in B. Then B is quasi- finite over A at a prime ideal q if and only if A r ~ ~ B f for some 
feA'^q. 

The sufficiency is obvious; the proof of the necessity will occupy the rest of this section. 
First, we list some consequences. 
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Corollary 15.11. Let B be a finitely generated A-algebra. The set of prime ideals of B 
at which B is quasi-finite over A is open in spec(5). 

PROOF. Let q be a prime ideal of B such that B is quasi-finite over A at q. The theorem 
shows that there exists an / e A' \ q such that A'j- — B f. Write A' as the union of the 
finitely generated ^4-subalgebras A\ of A' containing / : 

Because A' is integral over A, each A\ is finite over A (see 6.3). We have 

Because B f is a finitely generated ^4-algebra, B f = Aif for all sufficiently large A\. As the 
Ai are finite over A, B f is quasi-finite over A, and spec (5 y) is an open neighbourhood of q 
consisting of quasi-finite points. □ 

COROLLARY 15.12. Let B be a finitely generated A-algebra, quasi- finite over A, andlet 
A' be the integral closure of A in B. Then 

(a) the map Spec B -> Spec A' is an open immersion, and 

(b) there exists an A-subalgebra A" of A', finite over A, such that Spec B ->■ Spec A" is 
an open immersion. 

PROOF, (a) Because B is quasi-finite over A at every point of spec(B), the theorem implies 
that there exist fi e A' such that the open sets spec(5 y.) cover spec(5) and A'^ ~ B y. for 
all i. As spec(S) quasi-compact, finitely many sets spec(B y. ) suffice to cover spec(S), and 
it follows that spec(S) — >• specL4') is an open immersion. 

(b) We have seen that spec(S) = Ui</<n s P ec (^ /, ) for certain f 6 A' such that A', ~ 
B f. . The argument in the proof of (15. 1 1) shows that there exists an ,4-subalgebra A" of A', 
finite over A, which contains f\,...,f n and is such that B y. ~ A", for all i . Now the map 
spec(5) —> spec(^4") is an open immersion. □ 

Theorem 15.10, its corollary 15.12, and various global versions of these statements are 
referred to as Zariski's main theorem. 

A variant of Zariski's main theorem 

Proposition 15.13. Let A c C C B be rings such that A integrally closed in B, C is 
finitely generated over A, and B is finite overC. If B is quasi-finite over A at a prime ideal 
q, then B p = A p with p = q n A. 

Proof that 15.13 implies 15.10 

Let A, A', and B be as in the Theorem 15.10. We apply the proposition to A' C B = B — 
Lemma 15.7 shows that the ring B is quasi-finite over A' at q. The proposition shows that 
Bp/ = A' v , with p' = q fl A'. Let b\,...,b n generate B as an ^'-algebra, and let b\ denote 
the image of hi in By = A ' ,. Then b' f = a, ■/ f for some a\ e A' and / e A'^p'. The b' t are 
in the image of the map A'j- — > B f, which is therefore surjective. But A'j- — > B f is injective 
because Ad B, and so the map is an isomorphism. This completes the proof of the theorem. 
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Proof of Proposition 15.10 

We proceed by proving four special cases of Proposition 15.10. 

Lemma 15.14. Let A c A[x] = B be rings such that A is integrally closed in B. If B is 
quasi-finite over A at a prime ideal q, then Bp = A p with p = q fl A. 

PROOF. The hypotheses remain true when we invert the elements of S v p to obtain Ap C 
A p [x] = Bp. Thus, we may suppose that A is local with maximal ideal p, and we have to 
prove that B = A. As A is integrally closed in B and B = A[x], it suffices to show that x is 
integral over A. 

Let k = A/p and consider the k -algebra 

k[x] = A[x]<8>Ak = B®ak(P)- 

By assumption, q is an isolated point in spec(/:[x]). Consequently, x is algebraic over k, 
because otherwise k[x] would be a polynomial ring over k, and its spectrum would have no 
isolated points. Therefore there exists a polynomial F e A[X] with nonconstant image in 
k[X] such that F(x) e p^4[x]. Now F — F(x) is a polynomial in A[X] that vanishes on x 
and has at least one coefficient not in p. Choose such a polynomial H of minimum degree 
m, and write it 

H(X) = a m X m + --- + a . 
The equation a m ~ l H(x) = can be written 

(a m x) m +a m - 1 (a m x) m - l + -~ + aoa%- 1 =0. 

It shows that a m x is integral over A, and so lies in A. Now the polynomial 

(a m x + a m -i)X m ~ l -\ h a 

lies in A[X] and vanishes on x. As it has degree < m, all of its coefficients must lie in 
p. In particular, a m x + a m -\ e p. If a m is a unit, then x is integral over A, as required. 
Otherwise, a m e p and a m -\ is a unit (because otherwise all coefficients of H lie in p); 
hence a m -\ epB, which is contradiction because pB C q. □ 

Lemma 15.15. Let B bean integral domain containing a polynomial ring A [X] and integral 
over it. Then B is not quasi-finite over A at any prime ideal q. 

PROOF. Let q be a prime ideal of B, and let p = q fl A. If B is quasi-finite over A at q, then 
q is both maximal and minimal among the prime ideals lying over p. We shall assume that q 
is maximal and prove that it can't then be minimal. 

Suppose first that A is integrally closed, and let r = q fl A[X]. If r were not maximal 
among the prime ideals of A[X] lying over p, then the going-up theorem (6.20) would imply 
that q is not either. Therefore r is maximal among the prime over p, and it follows that its 
image r in k (p) [ X ] is maximal. In particular, r ^ 0, and so r strictly contains the prime ideal 
p^4[X] in A[X]. As A is integrally closed, A[X] is also (6.15), and the going down theorem 
(6.24) shows that q strictly contains a prime ideal lying over p^4[X]. Therefore, q is not 
minimal among the prime ideals lying over p. 

In the general case, we let B' denote the integral closure of B in its field of fractions. 
Then B' contains the integral closure A' of A, and is integral over A' [T]. Let q' be a prime 
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ideal of B' lying over q (which exists by 6.19), and let p' = q' D A'. As q is maximal among 
the primes lying over p, q' is maximal among those lying over p' (apply 6.18 to B C B'). 
But, according to the preceding paragraph, q' is not minimal, which implies that q is not 
minimal (apply 6.18 again). □ 

Lemma 15.16. Let A C A[x] C B be rings such that B is integral over A[x] and A is 
integrally closed in B. If there exists a monic polynomial F e A[X] such that F(x)B C A[x], 
then A[x] = B. 

Proof. Let b e B be arbitrary. By assumption F(x)b e A[x], and so F(x)b = G(x) for 
some polynomial G in A[X\. As F is monic, we can divide F into G to get 

G = QF + R, degtf<degF, Q,ReA[X]. 

Now 

F(x)b = G(x) = Q(x)F(x) + R(x). 

For c = b — Q(x), 

F(x)c = R(x). (42) 

To show that b e A[x], it suffices to show that c e A, and for this it suffices to show that c is 
integral over A. 

Let A' be the image of A in B c . As AegR < degF, the equality (42) shows that x/l, as 
an element of B c , is integral over the subring A' c . As B is integral over A [x], this implies that 
B c is integral over A' c . In particular, c/1 is integral over A' c , and so it satisfies an equation 
whose coefficients we can assume to have a common denominator c M : 

(equality in B c ). Therefore 

c M+m +a l c m - 1 +- + a m 

is an element of B whose image in B c is zero, and so is killed by a power of c. This shows 
that c is integral over A, as required. □ 

Let B be a finite ^4-algebra. The conductor of B in A is 

f(B/A) = {a e A\aB c A}. 

This is an ideal of both A and B . In fact, it is the largest ideal in A that is also an ideal 
in B, because every element a of such an ideal has the property that aB C A. For any 
multiplicative subset S of A, 

fiS^B/S^A) = S~ l< \{B/A). (43) 

Lemma 15.17. Let A C A [x] C B be rings such that B is finite over A [x] and A is integrally 
closed in B. If B is quasi-finite over A at a prime ideal q, then Bp = A p with p = q D A. 
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Proof. Letf = f(B/A[x]), so 

f = {ae A[x] | aB c A[x]}. 

We first consider the case that f <f_ q. Let r = q fl A[x]. For any w e f\q, we have 
A[x] u = B u , and so Lemma 15.8 shows that A[x] is quasi-finite over A at r. 23 Now Lemma 
15.14 shows that A[x] p = Ap. But B is finite over A[x], and therefore Bp is finite over 
A[x] p = Ap. As A is integrally closed in B, Ap is integrally closed in Bp, and therefore 
Ap = Bp, as required. 

It remains to consider the case f C q. We choose a prime ideal n C q of B minimal 
among those containing f. Let t denote the image of x in the ring B/n, and let m = n fl A. 
Now 

A/mc(A/m)[t] C B/n, 

and B/n is integral over (^4/m)[?]. As B is quasi-finite over A at q, the quotient B/n is 
quasi-finite over A/m at q/n. Now Lemma 15.15 implies that t is algebraic over We 
shall complete the proof by obtaining a contradiction, which will show that this case doesn't 
occur. 

After making an extension of scalars A — > A m , we may assume that A is a local ring 
with maximal ideal m. Let n' = n fl A[x]. Because / is algebraic over A/m, the integral 
domain y4[x]/n' is a finite ^4/m-algebra, and hence a field (see §1). Therefore, n' is maximal 
in A[x], and it follows from (6.17) that n is maximal in B. Thus B/n is a field. 

Because t is algebraic over A/m, there exists a monic polynomial F in A[X] such 
that F(x) e n. But n is minimal among the prime ideals of B containing f, and so nB n is 
minimal among the prime ideals of B n containing f n . In fact, nB n is the only prime ideal 
containing f n , and so nB n is the radical of f n . Therefore, there exists an integer r > such 
that (F(x)) r e f n , and aje5\n such that yF(x) r e f. 

We therefore have yF(x) r B C A[x]. On applying Lemma 15.16 with A C A[x] C B' , 
B' = A[x][yB], and F' = F r , we deduce that B' = A[x] and therefore that yB C A\x\. 
Hence y e f C n, which contradicts the definition of y. □ 

Proof of Proposition 15.10 

We use induction on the number n of generators of the ^4-algebra C. If n = 0, then B is 
integral over A, and so B — A. Assume that n > and that the proposition has been proved 
when C is generated by n — 1 elements. 

Write C = A[xi,.,.,x n ], and let A' be the integral closure of A\x\ , . . . ,x n -\] in B. 
Then 

A' C A'[x n ] C B, 

and B is finite over A'[x n ]. The ring B is finite over A'[x n ] and it is quasi-finite over A at q, 
and so B is quasi-finite over A' at q (by 15.7). From Lemma 15.17 we deduce that A'^, = Bp' 
with p' = A' n q. 

As A' is integral over A[x\, . . . , x n -i], it is a union of its finite subalgebras, 

A' = |^J. A' t , A\ finite over A\x\, . . . ,x n -{\. 

Let p^- = q fl A'j = p'fl A'j. As B is finitely generated over A[x\, . . . ,x n -i], the canonical 
homomorphism 

23 Here we follow Hochster. Raynaud simply states that A[x] is quasi-finite over A at r. 
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is an isomorphism for all sufficiently large i . For such an i , we have a fortiori that 

(4) P ;. ^ B q , 

and so A' f is quasi-finite over A at p^.. On applying the induction hypothesis to A, A[x\, . . . ,x n -i], 
and A\ , we deduce that 

A^iA'^-iA'^, 

and consequently that A p ~ 5 p . This completes the proof of Proposition 15.13 and hence of 
Theorem 15.10. 

16 Dimension theory for finitely generated k -algebras 

Throughout this section, A is both a finitely generated algebra over field k and an integral 
domain. We define the transcendence degree of A over k, trdeg^, to be the transcendence 
degree over k of the field of fractions of A (see §8 of my notes Fields and Galois Theory). 
Thus A has transcendence degree d if it contains an algebraically independent set of d 
elements, but no larger set (ibid. 8.12). 

Proposition 16.1. For any linear forms l\ , . , . ,l m in X\, . . . , X n , the quotient ring 

k[X 1 ,...,X n ]/(l 1 ,,..,l m ) 

is an integral domain of transcendence degree equal to the dimension of the subspace of k" 
defined by the equations 

ti = 0, /' = 1, .. .,m. 

PROOF. This follows from the more precise statement: 

Let c be an ideal in k[X\, . . . , X n ] generated by linearly independent linear 
forms l\,,..,l r , and let Xi 1 , , . . , X\ n _ r be such that 

{e l ,.,.,£r,x h „..,x in _ r } 

is a basis for the linear forms in X\ , . . . , X n . Then 

k[X 1 ,,..,X n ]/c^k[X h ,,..,X in _ r ]. 

This is obvious if the forms l\ are X\ , . . . ,X r . In the general case, because {X\ ,...,X n } 
and {£i,. .. ,i r ,Xi 1 , . . . ,Xi n _ r } are both bases for the linear forms, each element of one set 
can be expressed as a linear combination of the elements of the other. Therefore, 

k[X U .,.,X n ]=k[l l ,..,,lr,X h ,,,.,X in _ r ], 

and so 



k[X l ,.,.,X n ]/c = k[li,..,,lr,X h ,.,.,X in _ r ]/c 
~k[X h ,...,X in _ r ]. 
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Proposition 16.2. For any irreducible polynomial f in k[X\,..,,X n ], the quotient ring 
k[X\ ,...,X n ]/(f) has transcendence degree n — l. 

Proof. Let 

k[x 1 ,...,x„] = k[X 1 ,...,X n ]/(f), Xi = Xi + (f), 

and let k(x\ x n ) be the field of fractions of k[xi, . . . , x„]. Since / is not zero, some Xj , 
say, X n , occurs in it. Then X n occurs in every nonzero multiple of /, and so no nonzero 
polynomial in X\, , . . , X n -\ belongs to (/). This means that x\,..,, x n -\ are algebraically 
independent. On the other hand, x n is algebraic over k(x\ x n -\ ), and so {x\ x n -\) 
is a transcendence basis for k(x\ , . . . , x n ) over k. □ 

Proposition 16.3. For every nonzero prime ideal p in a k-algebra A, 

trde gyt L4/p) <trdeg fc L4). 

Proof. We may suppose that 

A = k[Xi,...,X„]/a = k[xi,...,x„]. 

For f € A, let / denote the image of / in A/p, so that A/p = k[x\, . . . ,x n ]. Let d = 
trdeg k A/p, and number the Xj so that xi, . . . , xj are algebraically independent (for a proof 
that this is possible, see 8.9 of my notes Fields and Galois Theory). I shall show that, for 
any nonzero / e p, the d + 1 elements xi , . . . , x d , / are algebraically independent, which 
shows that trdeg^ > d + 1. 

Suppose otherwise. Then there is a nontrivial algebraic relation, which we can write 

a (x l ,...,x d )f m +ai(xi,...,x d )f m ^ 1 H V a m {xi, . . . ,x d ) = 0, 

with at e k[X\ , . , . , X d ] and ao ^ 0. Because A is an integral domain, we can cancel a 
power of / if necessary to make a m (x\, . . . ,x d ) nonzero. On applying the homomorphism 
A -¥ A/p to the above equality, we find that 

a m (xi,...,x d ) = 0, 

which contradicts the algebraic independence of x \ , . . . , x d . □ 

Proposition 16.4. Let Abe a unique factorization domain. If p is a prime ideal in A such 
thattrdeg^^/p = trdeg^^— 1, then p = (f) for some f e A. 

PROOF. The ideal p is nonzero because otherwise A and A/p would have the same tran- 
scendence degree. Therefore p contains a nonzero polynomial, and even an irreducible 
polynomial /, because it is prime. According to (4.1), the ideal (/) is prime. If (/) ^ p, 
then 

trdeg^-^/p > Kdeg k A/(f) l = trdeg^^l - 1, 
which contradicts the hypothesis. □ 

THEOREM 16.5. Let f e A be neither zero nor a unit, and let p be a prime ideal that is 
minimal among those containing (f); then 



trdeg k A/p = trdeg k A-l. 
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We first need a lemma. 

Lemma 16.6. Let A be an integrally closed integral domain, and let L be a Unite extension 
of the field of fractions K of A. If a e L is integral over A, then Nm^/K^ e A, and a 
divides Nm^ /x a m ine rm 8 A [a] . 

PROOF. Let X r + a r -\X r ~ l H h «o be the minimum polynomial of a over K. Then 

n 

r divides the degree n of L/ K, and Nm^/^(a) = ±a^ (see 5.40 of my notes Fields and 
Galois Theory). Moreover, ao lies in A by (6.10). From the equation 

= a(a r ~ l +a r -\a r ~ 2 -\ V ci\) + ao 

we see that a divides ao in A[a], and therefore it also divides Nm^^a. □ 

Proof (of Theorem 16.5). Write rad(/) as an irredundant intersection of prime ideals 
rad(/) = pi n . . . n p r (see 13.9). Then V(a) = V(pi) U • • • U V(p r ) is the decomposition 
of V(a) into its irreducible components. There exists an mo e ^(pi) ^ U/>2 V(Pi) anc ^ an 
open neighbourhood D(h) of mo disjoint from U/>2 ^(P0- The ring A^ (resp. Af,/S p) 
is an integral domain with the same transcendance degree as A (resp. A/p) — in fact, with 
the same field of fractions. In A^, rad(y) = rad(/) e = p\. Therefore, after replacing A 
with Ah, we may suppose that rad(/) is prime, say, equal to p. 

According to the Noether normalization theorem (6.26), there exist algebraically inde- 
pendent elements x\,...,x d in A such that A is a finite k[x\ , . . . ,x^] -algebra. Note that 

def 

d = trdeg^A According to the lemma, fo = Nm(/) lies in k[xi, . . . ,x d ], and we shall 
show that p fl k[x\, . . . ,x d ] = rad(/o)- Therefore, the homomorphism 

k[xx,...,x d ]/md(f )^ A/p 

is injective. As it is also finite, this implies that 

trdeg fc ^/p = trdeg k k[xi,...,x d ]/md(f ) = d-l, 

as required. 

By assumption A is finite (hence integral) over its subring k[x\, . . . ,x d \. The lemma 
shows that / divides fo in A, and so fo e (/) C p. Hence (fo) CZpnk[xx,.. .,x d ], which 
implies 

rad(/ ) Cpnk[xi,..,,x d ] 

because p is radical. For the reverse inclusion, let g € p fl k[xi, . . . , x d ]. Then g e rad(/), 
and so g m = fh for some h e A, m e N. Taking norms, we find that 

g me =Nm(fh) = fo-Nm(h)e(f ), 
where e is the degree of the extension of the fields of fractions, which proves the claim. □ 

Corollary 16.7. Let p be a minimal nonzero prime ideal in A; then trdegj. (A/p) = 
trde g/t L4)-l. 

PROOF. Let / be a nonzero element of p. Then / is not a unit, and p is minimal among the 
prime ideals containing /. □ 
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THEOREM 16.8. The length d of any maximal (i.e., nonrefinable) chain of distinct prime 
ideals 

p d ^pd-i D-Dpo (44) 

in A is trdeg^ (A). In particular, every maximal ideal of A has height trdeg^ (A), and so the 
Krull dimension of A is equal to trdeg^ (^4). 

Proof. From (16.7), we find that 

trdeg k (A) = trdeg fc L4/pi) + 1 = ••■ = tideg k (A/p d ) + d. 

Butpj is maximal, and so^4/p^ is a finite field extension of k. In particular, trdeg k (A/p c i) = 
0. ' □ 

Example 16.9. Let / (X, Y) and g{X, Y) be nonconstant polynomials with no common 
factor. Then k[X, Y]/ (/) has Krull dimension 1, and so k[X, Y]/(f, g) has dimension zero. 

Example 16.10. We classify the prime ideals p in A = k[X, Y]. If A/p has dimension 
2, then p = (0). If A/p has dimension 1, then p = (/) for some irreducible polynomial 
/ of A (by 16.4). Finally, if A/p has dimension zero, then p is maximal. Thus, when k 
is algebraically closed, the prime ideals in k[X, Y] are exactly the ideals (0), (/) (with / 
irreducible), and (X — a, Y — b) (with a,b € k). 

Remark 16. 1 1. Let A be a finitely generated /:-algebra (not necessarily an integral do- 
main). Every maximal chain of prime ideals in A ending in fixed prime ideal p has length 
trdeg k (A/p), and so the Krull dimension of A is max(trdeg^(^4/p)) where p runs over the 
minimal prime ideals of A. In the next section, we show that a noetherian ring has only 
finitely many minimal prime ideals, and so the Krull dimension of A is finite. 

If X\ , . . . , x m is an algebraically independent set of elements of A such that A is a finite 
k[xi, . . . ,x m ] -algebra, then dim A = m. 

Remark 16.12. Let A be a discrete valuation ring A with maximal ideal (n). Then A[X] 
is a noetherian integral domain of Krull dimension 2, and (jtX — 1) is a maximal ideal in 
A[X] of height 1 (cf. 14.10). 

17 Primary decompositions 

In this section, A is an arbitrary commutative ring. 

Definition 17.1. An ideal q in A is primary if it is proper and 

ab e q, b q =>• a n e c\ for some n > 1. 

Thus, a proper ideal q in A is primary if and only if all zero-divisors in A/q are nilpotent. A 
radical ideal is primary if and only if it is prime. An ideal (m) in Z is primary if and only if 
mis a. power of a prime. 

PROPOSITION 17.2. The radical of a primary ideal q is a prime ideal containing q, and 
it is contained in every other prime ideal containing q (i.e., it is the smallest prime ideal 
containing p). 
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PROOF. Suppose that ab e rad(q) but b rad(q). Then some power, say a n b n , of ab lies 
in q, but b" q, and so a e rad(q). This shows that rad(q) is primary, and hence prime 
(because it is radical). 

Let p be a second prime ideal containing q, and let a e rad(q). For some n, a" e q C p, 
which implies that a e p. □ 

When q is a primary ideal and p is its radical, we say that q is p-primary. 

Proposition 17.3. Every ideal q whose radical is a maximal ideal m is primary (in fact, 
m-primary); in particular, every power of a maximal ideal m is m-primary. 

PROOF. Every prime ideal containing q contains its radical m, and therefore equals m. This 
shows that A /a is local with maximal ideal m/a. Therefore, every element of A/ a is either 
a unit, and hence is not a zero-divisor, or it lies in m/ o, and hence is nilpotent. □ 

Proposition 17.4. Letp: A—*Bbea homomorphism of rings. If q is a p-primary ideal 
in B, then q c = <p _1 (q) is a p c -primary ideal in A. 

PROOF. The map A/q c ->• B/q is injective, and so every zero-divisor in A/q c is nilpotent. 
This shows that q c is primary, and therefore rad(q c )-primary. But (see 2.10), rad(q c ) = 
rad(q) c = p c , as claimed. □ 

Lemma 17.5. Let q and p be a pair of ideals in A such that q c p C rad(q) and 



Then p is a prime ideal and q is p-primary. 

PROOF. Clearly q is primary, hence rad(q)-primary, and rad(q) is prime. By assumption 
p C rad(q), and it remains to show that they are equal. Let a e rad(q), and let n be the 
smallest positive integer such that a n e q. If n = 1, then a e q C p; on the other hand, if 
n > 1, then a n = aa n ~ l e q and a"~ l q, and so a e p by (45). □ 

Proposition 17.6. A finite intersection of p-primary ideals is p-primary. 

Proof. Let qi , . . . , q n be p-primary, and let q = qi n . . , fl q„. We show that the pair of 
ideals q C p satisfies the conditions of (17.5). 

Let a € p; since some power of a belongs to each q,-, a sufficiently high power of it will 
belong to all of them, and so p C rad(q). 

Let ab e q but a £ p. Then ab € q,- but a £ p, and so b e q, . Since this is true for all , 
we have that b e q. □ 

The minimal prime ideals of an ideal a are the minimal elements of the set of prime 
ideals containing a. 

Definition 17.7. A primary decomposition of an ideal a is a finite set of primary ideals 
whose intersection is o. A primary decomposition S of a is minimal if 

(a) the prime ideals rad(q), q e S, are distinct, and 

(b) no element of S can be omitted, i.e., for no qo e S is qo C (~]{q \ q e S, q ^ qo}. 




(45) 
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If a admits a primary decomposition, then it admits a minimal primary decomposition, 
because Proposition 17.6 can be used to combine primary ideals with the same radical, and 
any q,- that fails (b) can simply be omitted. The prime ideals occurring as the radical of an 
ideal in a minimal primary decomposition of a are said to belong to a. 

Proposition 17.8. Suppose that a = q i n • • ■ n q„ where q,- is p,- -primary for i = 1 . 
Then the minimal prime ideals of a are the minimal elements of the set {pi, ... ,p n }- 

PROOF. Let p be a prime ideal containing a, and let q^- be the image of q, in the integral 
domain A /p. Then p contains q i ■ ■ ■ q„ , and so q \ ■ ■ ■ q' n = 0. This implies that, for some i , 
q'j = 0, and so p contains q,-. Now (17.2) shows that p contains p/. □ 

In particular, if a admits a primary decomposition, then it has only finitely many minimal 
prime ideals, and so its radical is a finite intersection of prime ideals. 
For an ideal a in A and an element x e A, we let 

(a:x) = {a e A \ ax e a}. 

It is again an ideal in A, which equals A if x e a. 

Lemma 17.9. Let q be a p -primary ideal and let x e A \ q. Then (q:x) is p-primary (and 
hence md(q: x) = p). 

Proof. For any a e (q:x), we know that ax e q and x q, and so a e p. Hence (q:x) C p. 
On taking radicals, we find that rad(q:x) = p. Let ab e (q:x). Then xab e q, and so either 
a € p or xb € q (because q is p-primary); in the second case, b € (q: x) as required. □ 

THEOREM 17.10. Let a = qin...nq n be a minimal primary decomposition of a, and let 
pi = rad(q,). Then 

{pi,...,p„} = {rad(o:x) | x e A, rad(a:x) prime}. 

In particular, the set {pi,...,p„} is independent of the choice of the minimal primary 
decomposition. 

Proof. For any a e A, 

(a:a) = (p| q f : a) = (~)(c\i:a), 

and so 

rad(a:a) = mdf](m:a) ( = 9) f|a^ Pi- (46) 

If rad(o: a) is prime, then it equals one of the p, (otherwise, for each i there exists an 
at e p ; - \p, and a \ ■ ■ -a n e Ha^q, Pi but not p, which is a contradiction). Hence RHSdLHS. 
For each i, there exists an a € f] • ^ qy \ q,- because the decomposition is minimal, and (46) 
shows that rad(a: a) = pi. □ 

THEOREM 17.11. In a noetherian ring, every ideal admits a primary decomposition. 

The theorem is a consequence of the following more precise statement, but first we need 
a definition: an ideal a is said to be irreducible if 

a = b fl c (b, c ideals) o = b or a = c. 
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Proposition 17.12. Let A be a noetherian ring. 

(a) Every ideal in A can be expressed as a finite intersection of irreducible ideals. 

(b) Every irreducible ideal in A is primary. 

PROOF, (a) Suppose that (a) fails, and let a be maximal among the ideals for which it 
fails. Then, in particular, a itself is not irreducible, and so a = b D c with b and c properly 
containing a. Because a is maximal, both b and c can be expressed as finite intersections of 
irreducible ideals, but then so can a. 

(b) Let a be irreducible in A, and consider the quotient ring A' = A /a. Let a be a 
zero-divisor in A', say ab = with b ^ 0. We have to show that a is nilpotent. As A' is 
noetherian, the chain of ideals 

((0):«)c((0):a 2 )O- 

becomes constant, say, ((0):a m ) = ((0):a m+1 )) = Let c e (a m ) n (b). Then c e (b) 
implies ca = 0, and c g (a m ) implies that c = da m for some d g A. Now 

(</a m )a = => d 6 (0:a w+1 ) = (0:a m ) => c = 0. 

Hence (a m ) H (ft) = (0). Because o is irreducible, so also is the zero ideal in A', and it 
follows that a m = 0. □ 

A p-primary ideal o in a noetherian ring contains a power of p by Proposition 3.16. The 
next result proves a converse when p is maximal. 

Proposition 17.13. Let m be a maximal ideal of a noetherian ring. Any proper ideal a of 
A that contains a power of a maximal ideal m is m-primary. 

PROOF. Suppose that m r C a, and let p be a prime ideal belonging to o. Then m r C o C p, 
so that m C p, which implies that m = p. Thus m is the only prime ideal belonging to a, 
which means that ci is m-primary. □ 

Example 17.14. We give an example of a power of a prime ideal p that is not p-primary. 
Let 

A = k[X,Y,Z]/(Y 2 -XZ) = k[x,y,z}. 

The ideal (X, Y) in k [X, Y, Z] is prime and contains (Y 2 — XZ), and so the ideal p = (x, y) 
in A is prime. Now xz = y 2 e p 2 , but one checks easily that x p 2 and z p, and so p 2 is 
not p-primary. 

Remark 17.15. Let o be an ideal in a noetherian ring, and let b = f\>i a "- We give 
another proof that ab = b (see p. 13). Let 

ab = qi n...nq,s, rad(q,) = P/. 

be a minimal primary decomposition of ab. We shall show that b C ab by showing that 
b C a_i for each i . 

If there exists a b 6 b v q,- , then 

ab C ab C q,- , 

from which it follows that o C p/. We know that p[ C q; for some r (see 3.16), and so 

b = (~)a n Ca r cp r i Cq i , 
which is a contradiction. This completes the proof. 
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Notes. In a future version, I'll explain the geometric significance of these statements. Also, I'll 
include the statements for modules, and explain how to deduce them from the statements for rings by 
a trick of Nagata. (When M is an ,4 -module, A® M can be made into a ring by setting the product 
of any two elements of M equal to zero.). See also mo3910. 

18 Dedekind domains 

Discrete valuation rings 

It follows from the elementary theory of principal ideal domains that the following conditions 
on a principal ideal domain A are equivalent: 

(a) A has exactly one nonzero prime ideal; 

(b) up to associates, A has exactly one prime element; 

(c) A is local and is not a field. 

A ring satisfying these conditions is called a discrete valuation ring. 

Example 18.1. The ring = {™ e Q | n not divisible by p\ is a discrete valuation ring 
with (p) as its unique nonzero prime ideal. The units in Z( p ) are the nonzero elements m/n 
with neither m nor n divisible by p, and the prime elements are those of the form unitx p. 

In a discrete valuation ring A with prime element n, nonzero elements of A can be 
expressed uniquely as ujt m with u a unit and m > (and m > unless the element is a unit). 
Every nonzero ideal in A is of the form (it m ) for a unique m e N. Thus, if a is an ideal in 
A and p denotes the (unique) maximal ideal of A, then a = p m for a well-defined integer 
m > 0. 

Recall that, for an ^-module M and an m e M, the annihilator of m 

ann(m) = {a e A \ am = 0}. 

It is an ideal in A, which is proper if m ^ 0. Suppose that A is a discrete valuation ring, 
and let c be a nonzero element of A. Let M = A /(c). What is the annihilator of a nonzero 
element b + (c) of Ml Fix a prime element jr of A, and let c = un m , b = vn" with u and 
v units. Then n <m (else b + (c) = in M), and 

ann(6 + (c)) = (n" 1 ' 11 ). 

Thus, a b for which ann(& + (c)) is maximal, is of the form vn m ~ l , and for this choice 
ann(& + (c)) is a prime ideal generated by |. We shall exploit these observations in the 
proof of the next proposition, which gives a criterion for a ring to be a discrete valuation 
ring. 

Proposition 18.2. An integral domain A is a discrete valuation ring if and only if 

(a) A is Noetherian, 

(b) A is integrally closed, and 

(c) A has exactly one nonzero prime ideal. 

PROOF. The necessity of the three conditions is obvious, and so let A be an integral domain 
satisfying (a), (b), and (c). We have to show that every ideal in A is principal. As a first step, 
we prove that the nonzero prime ideal is principal. Note that (c) implies that A is a local ring. 
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Choose an element c e A, c ^ 0, c ^ unit, and consider the ^4-module M = /4/(c). For 
each nonzero element m of M, 

ann(m) = {a e ^4 | am = 0} 

is a proper ideal in A. Because A is Noetherian, we can choose an m so that ann(m) is 
maximal among these ideals. Write m = b + {c) and p = ann(6 + (c)). Note that c € p, and 
so p ^ 0, and that 

p = {a e A | c\ab}. 

I claim that p is prime. If not there exist elements x, y e A such that xy e p but neither x 
nor y e p. Then j/j + (c) is a nonzero element of M because y p. Consider ann(_y& + (c)). 
Obviously it contains p and it contains x, but this contradicts the maximality of p among 
ideals of the form ann(m). Hence p is prime. 

I claim that | ^ A. Otherwise b = c • | € (c), and m = (in M). 

I claim that | 6 ^4, and p = (|). By definition, p£> C (c), and so p ■ | C ^4, and it is an 
ideal in A If p • | C p, then * is integral over ^4 (by 6.1, since p is finitely generated), and 
so | 6 ^4 (because of condition (b)), but we know * ^ A. Thus p • | = A (by (c)), and this 
implies that p = (j). 

Let 71 — r, so that p = (tt). Let a be a proper ideal of A, and consider the sequence 

a C an -1 C cot -2 C ■■• . 

If a7t~ r = an~ r ~ l for some r, then 7r -1 (cur - '") = an~ r , and 7r _1 is integral over A (by 
6.1), and so lies in A — this is impossible {n is not a unit in A). Therefore the sequence 
is strictly increasing, and (again because A is Noetherian) it can't be contained in A. Let 
m be the smallest integer such that an~ m C A but an~ m ~ l % A. Then an~ m % p, and so 
ajz- m = A. Hence a = {n m ). □ 

Dedekind domains 

Definition 18.3. A Dedekind domain is an integral domain A, not equal to a field, such 
that 

(a) A is Noetherian, 

(b) A is integrally closed, and 

(c) every nonzero prime ideal is maximal (i.e., A has Krull dimension 1). 

Thus Proposition 18.2 says that a local integral domain is a Dedekind domain if and only 
if it is a discrete valuation ring. 

Proposition 18.4. Let Abe a Dedekind domain, and let S be a multiplicative subset of 
A. Then S~ 1 A is either a Dedekind domain or a held. 

PROOF. Condition (c) says that there is no containment relation between nonzero prime 
ideals of A. If this condition holds for A, then (5.4) shows that it holds for S~ l A. Conditions 
(a) and (b) follow from the next lemma. □ 

Proposition 18.5. Let A be an integral domain, and let S be a multiplicative subset of A. 

(a) If A is Noetherian, then so also is S~ 1 A. 

(b) If A is integrally closed, then so also is S 1-1 ^. 
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PROOF, (a) Let a be an ideal in S~ l A. Then o = (a H A) (see 5.4), and so a is generated 
by any (finite) set of generators for a H A . 

(b) Let a be an element of the field of fractions of A (= field of fractions of 5 _1 ^4) that 
is integral over S _1 A. Then 

a m +a\a m ~ l H Ya m = 0, some a\ e S~*A. 

For each i, there exists an Si e S such that Stai e A. Set s = Si •••s m € S, and multiply 
through the equation by s m : 

(sa) m + sen (sa) m - 1 +■■■ + s m a m = 0. 

This equation shows that sa is integral over A, and so lies in A. Hence a = (sa)/s € S~ l A. 
(See also 6.13.) □ 

COROLLARY 18.6. For any nonzero prime ideal pin a Dedekind domain A, the localization 
A p is a discrete valuation ring. 

PROOF. We saw in (5.7) that Ap is local, and the proposition implies that it is Dedekind. □ 

The main result concerning Dedekind domains is the following. 

THEOREM 18.7. Every proper nonzero ideal a in a Dedekind domain can be written in the 
form 

with the pj distinct prime ideals and the r,- > 0; the ideals p,- are exactly the prime ideals 
containing a, and the exponents rj are uniquely determined. 

PROOF. The primary ideals in a Dedekind domain are exactly the powers of prime ideals, 
and so this follows from the preceding section. (For an elementary proof, see my notes on 
algebraic number theory.) □ 

Remark 18.8. Note that 

n > aA Pi ^ A Pi ac pi. 

Corollary 18.9. Let a and b be ideals in A; then 

o C b <^=> a^4 p C bAp 

for all nonzero prime ideals p of A. In particular, a = b if and only if aAp = bAp for all p. 

PROOF. The necessity is obvious. For the sufficiency, factor a and b 

a = P?-"Pm", B = P , i 1 -P«r. n, Si >0. 

Then 

Cb4 p ,. C bA Vi <^=> ri > si , 
(recall that A Pi is a discrete valuation ring) and r,- > Si all i implies o C b. □ 
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COROLLARY 18.10. Let A be an integral domain with only finitely many prime ideals; 
then A is a Dedekind domain if and only if it is a principal ideal domain. 

PROOF. Assume A is a Dedekind domain. After (18.7), to show that A is principal, it 
suffices to show that the prime ideals are principal. Let pi,...,p m be these ideals. Choose 
an element x\ € pi v pj. According to the Chinese Remainder Theorem (2.12), there is an 
element x e A such that 

x = x\ modp^, x = l modp,, i 1. 

Now the ideals pi and (x) generate the same ideals in A Pi for all i, and so they are equal in 
A (by 18.9). □ 

Corollary 18.11. Let a D b ^ be two ideals in a Dedekind domain; then a = b + (a) 
for some a € A. 

PROOF. Let b = pj 1 ■■■pm" and a = p\ l ■■■p S m with r,-,s y - > 0. Because b C a, Sj < r,- for 
all i. For 1 < i < m, choose an xi e A such that xt e p^', xt ^ p^' + 1 . By the Chinese 
Remainder Theorem, there is an a e A such that 

a = Xi mod p ! , for all i. 

Now one sees that b + (a) = a by looking at the ideals they generate in A v for all p. □ 

Corollary 18.12. Let a be an ideal in a Dedekind domain, and let a be any nonzero 
element of a; then there exists a b e a such that a = (a,b). 

Proof. Apply (18.11) to a D (a). □ 

Corollary 18.13. Let a be a nonzero ideal in a Dedekind domain; then there exists a 
nonzero ideal a* in A such that oa* is principal. Moreover, a* can be chosen to be relatively 
prime to any particular ideal c, and it can be chosen so that aa* = (a) with a any particular 
element of a (but not both). 

Proof. Let a e a, a ^ 0; then a D (a), and so we have 

(«) = P?---Pm anda = p^---p^, s t < n . 

If a* = pi 1 ^ 1 ---p^ m_im ,then oa* = (a). 

We now show that a* can be chosen to be prime to c. We have a D oc, and so (by 18.11) 
there exists an a € a such that a = ac + (a). As a D (a), we have (a) = a- a* for some ideal 
o* (by the above argument); now, ac + aa* = a, and so c + a* = A. (Otherwise c + a* C p 
some prime ideal, and ac + aa* = a(c + a*) C ap ^ a.) □ 

In basic graduate algebra courses, it is shown that 

A a principal ideal domain =4> A is a unique factorization domain. 

The converse is false because, for example, k[X, Y] is a unique factorization domain in 
which the ideal (X, 7) is not principal, but it is true for Dedekind domains. 
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PROPOSITION 18.14. A Dedekind domain that is a unique factorization domain is a princi- 
pal ideal domain. 

PROOF. In a unique factorization domain, an irreducible element n can divide a product 
be only if n divides b or c (write be = nq and express each of b, c, and q as a product of 
irreducible elements). This means that (n) is a prime ideal. 

Now let A be a Dedekind domain with unique factorization. It suffices to show that each 
nonzero prime ideal p of A is principal. Let a be a nonzero element of p. Then a factors into 
a product of irreducible elements (see 4.3) and, because p is prime, it will contain one of 
these irreducible factors n. Now p D (n) D (0), and, because (n) is a nonzero prime ideal, 
it is maximal, and so equals p. □ 

Modules over Dedekind domains (sketch). 

The structure theorem for finitely generated modules over principal ideal domains has an 
interesting extension to modules over Dedekind domains. Throughout this subsection, A is a 
Dedekind domain. 

First, note that a finitely generated torsion-free A-module M need not be free. For 
example, every fractional ideal is finitely generated and torsion-free but it is free if and only 
if it is principal. Thus the best we can hope for is the following. 

Theorem 18.15. Let A be a Dedekind domain. 

(a) Every finitely generated torsion-free A-module M is isomorphic to a direct sum of 
fractional ideals, 

M «» ai®-®o m . 

(b) Two hnitely generated torsion-free A-modules M ss ai © ■ ■ ■ © a m and N «s bi © • • • © 
b n are isomorphic if and only ifm = n and \\ai =\\ &i modulo principal ideals. 

Hence, 

M rb aiffi---ffia OT ss A©---© A© m ■■•a WJ . 

Moreover, two fractional ideals a and b of A are isomorphic as A-modules if and only if they 
define the same element of the class group of A. 

The rank of a module M over an integral domain R is the dimension of K <S>r M as a 
^-vector space, where K is the field of fractions of R. Clearly the rank of M ~ cii © ■ ■ ■ © a m 
is m. 

These remarks show that the set of isomorphism classes of finitely generated torsion-free 
A-modules of rank 1 can be identified with the class group of A. Multiplication of elements 
in Cl(^) corresponds to the formation of tensor product of modules. The Grothendieck 
group of the category of finitely generated A-modules is C1(A) © Z. 

Theorem 18.16 (Invariant factor theorem). LetM D N be finitely generated torsion- 
free A-modules of the same rankm. Then there exist elements e\ , ...,e m of M, fractional 
ideals <X\, o m , and integral ideals b\ D 62 D ■■• D b m such that 

M = oiei ©■■■ffio^e m , N = oibi^i ®---®a m b m e m . 

The ideals bi, b2, b m are uniquely determined by the pair M D N, and are called the 
invariant factors of N in M. 

The last theorem also yields a description of finitely generated torsion ^4 -modules. 
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Notes. We sketch a proof of (18.15a). Let A be a Dedekind domain, and let M be finitely generated 
torsion-free /1-module. Then A p <g> M is free, hence projective, for every nonzero prime ideal p in A 
(because A p is principal ideal domain), and this implies that M is projective. Therefore there is a 
nonzero homomorphism M A, whose image is an ideal a in A. As o is projective, there exists 
a section to the map M —»■ a, and soM^a® Mi for some submodule Mi of M. Now Mi is 
projective because it is a direct summand of a projective module, and so we can repeat the argument 
with Mi . This process ends because M is noetherian. 

NOTES. The Jordan-Holder and Krull-Schmidt theorems fail for finitely generated projective mod- 
ules over non-principal Dedekind domains. For example, suppose that A has a nonprincipal ideal a 
of order 2 in the class group. Then a © a % A® A, contradicting both theorems. 

19 Dimension theory for noetherian rings 

Let A be a noetherian ring and let p be a prime ideal in A. Let A p = S~ 1 A where S = A \ p. 
We begin by studying extension and contraction of ideals with respect to the homomorphism 

def 

A —> Ap (cf. 2.9). Recall (5.7) that A p is a local ring with maximal ideal p e = pA p . The 
ideal 

(p n ) ec = {a € A | sa € p" for some s e S} 

is called the nth symbolic power of p, and is denoted p( n \ If m is maximal, then = m" 
(see 5.8). 

Lemma 19.1. The ideal p w is p-primary. 

PROOF. According to Proposition 17.3, the ideal (p e ) n is p e -primary. Hence (see 17.4), 
((p e )") c is (p e ) c -primary. But p ec = p (see 5.4), and 

{{{p e ) n ) c =° {(p n ) e ) c = p {n \ (47) 



Lemma 19.2. Consider ideals a C p' C p with p' prime. If p' is a minimal prime ideal of a, 
then p' e is a minimal prime ideal of a e (extension relative to A A p ). 

PROOF. If not, there exists a prime ideal p" ^ p' e such that p' e D p" D a e . Now, by (5.4), 
p/ _ p/ec and p//c _^ p/ec ? and so 

p' = p' ec g p" c D a ec D o 
contradicts the minimality of p'. □ 

Theorem 19.3 (Krull's principal ideal theorem). Let A be a noetherian ring. For 
any nonunit b e A, the height of a minimal prime ideal p of (b) is at most one. 

PROOF. Consider A — »■ A p . According to Lemma 19.2, p e is a minimal prime ideal of 
(b) e = (^), and (5.4) shows that the theorem for A p D p e D (y) implies it for A D p D (b). 
Therefore, we may replace A with A p , and so assume that A is a noetherian local ring with 
maximal ideal p. 

Suppose that p properly contains a prime ideal pi : we have to show that pi D p2 =t> 
Pi =P2- 
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(r) 

Let p\ be the rth symbolic power of pi. The only prime ideal of the ring A /(b) is 
p/(b), and so A /(b) is artinian (apply 7.6). Therefore the descending chain of ideals 

(pi 1} + (b)) /(b) D (pf } + (b)) /(b) D (p< 3) + (b)) /(b) D - 
eventually becomes constant: there exists an s such that 

+ (ft) = pf +1) + (b) = p ( / +2) + (6) = - . (48) 
We claim that, for any m > s, 

p ( 1 m) C(&)p ( r ) +p ( 1 m+1) . (49) 



Let x 6 p5 m) . Then 



X € (b) + pj = (O) + pj 



and so x = ab + x' with a e A and x' e p^ 1 + . As is pi-primary (see 19.1) and 

ab = x-x'e p ( 1 m) but 6 £ pi, we have that a e Jjf*°. Now x = <?6 + x' e (ft)*!* + p ( i" +1) 
as claimed. 

We next show that, for any m > s, 

Jw) — M (" J + 1 ) 
Pi — Pi 

As b e p, (49) shows that p< w) /pi m+1) = P ■ (p? n) /P? ,+1) ). and so p^ /pf +l) = by 
Nakayama's lemma (3.9). 
Now 

and so pj C P| OT>i? Pi" 2 '- Note that 

n > p ( r )(4 =n > ((pin c =(n > (PiD c3 = cor, 

1 l m>j' 1 1 >m>s • 'm>s 

and so for any x e p \ , there exists an a e ^4 \ p i such that ax = 0. Let x e p i ; then a/ = 
for some ae^4\piD,4\p2, and so x e p2 (because p2 is prime). We have shown that 
pi = p2, as required. □ 

In order to extend Theorem 19.6 to non principal ideals, we shall need a lemma. 

Lemma 19.4. Let p be a prime ideal in a noetherian ring A, and let S be a finite set of 
prime ideals in A, none of which contains p. If there exists a chain of distinct prime ideals 



p Dp^-i D ••• Dpo, 



then there exists such a chain with pi not contained in any ideal in S . 

PROOF. We first prove this in the special case that the chain has length 2. Suppose that 
p D pi D po are distinct prime ideals and that p is not contained in any prime ideal in S. 
According to Proposition 2.7, there exists an element 



aep^PoULKp'eS})- 
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As p contains (a) + po, it also contains a minimal prime ideal pj of (a) + po- Now p\/po 
is a minimal prime ideal of the principal ideal ((a) + po) /po in ^4/po, and so has height 1, 
whereas the chain p/po D pi/po D Po/po shows that p/po has height at least 2. Therefore 
p D pj D po are distinct primes, and pj ^ S because it contains a. This completes the proof 
of the special case. 

Now consider the general case. On applying the special case to p D Pd-i 3 pd-2> we 
see that there exists a chain of distinct prime ideals p D P^_j D suc h that p |, , is not 
contained in any ideal in S. Then on applying the special case to p' d _ 1 D Pd-2 D Pd-i> we 
we see that there exists a chain of distinct prime ideals p Z> p ; rf-1 D P^_ 2 ^ Prf-2 sucn that 
pj_ 2 is not contained in any ideal in S. Repeat the argument until the proof is complete. □ 

Theorem 19.5. Let A be a noetherian ring. For any proper ideal a = (a i , . , . , a m ), the 
height of a minimal prime ideal of a is at mostm. 

PROOF. For m = 1, this was just proved. Thus, we may suppose that m > 2 and that the 
theorem has been proved for ideals generated by m — 1 elements. Let p be a minimal prime 
ideal of a, and let pj , . . . , p' t be the minimal prime ideals of {a.2, ...,a m ). Each p^. has height 
at most m — 1 . If p is contained in one of the pj- , it will have height < m — 1, and so we may 
suppose that it isn't. 

Let p have height d. We have to show that d <m. According to the lemma, there exists 
a chain of distinct prime ideals 

P = Pd ^Pd-i 3-Opo, d>\, 
with pi not contained in any p^- , and so Proposition 2.7 shows that there exists a 

^pi-uup;- 

We next show that p is a minimal prime ideal of (b,a2,- ■ ■ ,a m ). Certainly p contains a 
minimal prime ideal p' of this ideal. As p' D (a2, a m ), p contains one of the p^s, but, by 
construction, it cannot equal it. If p ^ p', then 

pDp'D pi 

are distinct ideals, which shows that p = p/(a2, ■ ■ ■ ,a m ) has height at least 2 in A = 
A/(a2,. . -,am)- But p is a minimal ideal in A of the principal ideal {a\, . . .,a n )/(a2, ...,a n ), 
which contradicts Theorem 19.3. Hence p is minimal, as claimed. 

But now p / (b) is a minimal prime ideal of {b,U2 a m ) in Rj (b), and so the height 

of p/(b) is at most m — 1 (by induction). The prime ideals 

p/(b) = Pd/(b) D Pd-i/(b) D-D Pi/(b) 
are distinct, and so <i — 1 <m—\. This completes the proof that d = m. □ 

The height of an ideal o in a noetherian ring is the minimum height of a prime ideal 
containing it, 

ht(a) = min ht(p). 

pDo, p prime 

The theorem shows that ht(a) is finite. 

The following provides a (strong) converse to Theorem 19.5. 
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Theorem 19.6. Let A be a noetherian ring, and let a be a proper ideal of A of height r. 
Then there exist r elements a\,...,a r of a such that, for each i < r, (a\,...,cn) has height 
i . 

PROOF. If r = 0, then we take the empty set of a, s. Thus, suppose that r > 1. There are 
only finitely many prime ideals of height 0, because such an ideal is a minimal prime ideal 
of (0), and none of these ideals can contain a because it has height > 1. Proposition 2.7 
shows that there exists an 

ct\ e a \ lj{prime ideals of height 0}. 

By construction, (a\) has height at least 1, and so Theorem 19.3 shows it has height exactly 
1. 

This completes the proof when r = 1 , and so suppose that r > 2. There are only finitely 
many prime ideals of height 1 containing (ct\) because such an ideal is a minimal prime 
ideal of (fli), and none of these ideals can contain a because it has height > 2. Choose 

«2 ^ a\(J{prime ideals of height 1 containing («i)}. 

By construction, (a\ , a%) has height at least 2, and so Theorem 19.5 shows that it has height 
exactly 2. 

This completes the proof when r = 2, and when r > 2 we can continue in this fashion 
until it is complete. 

COROLLARY 19.7. Every prime ideal of height r in a noetherian ring arises as a minimal 
prime ideal for an ideal generated by r elements. 

PROOF. According to the theorem, an ideal a of height r contains an ideal (a\, . . . ,a r ) of 
height r . If a is prime, then it is a minimal ideal of (a\, . . . ,a r ). □ 

Corollary 19.8. Let A be a commutative noetherian ring, and let a be an ideal in A that 
can be generated by n elements. For any prime ideal p in A containing o, 

ht(p/a) <ht(p) <ht(p/a) + «. 

PROOF. The first inequality follows immediately from the correspondence between ideals 
in A and in A/ a. 

Denote the quotient map A — > A' = A/ a by a \-> a'. Let ht(p/a) = d. Then there 
exist elements a\ , . . . , in A such that p/a is a minimal prime ideal of (a' x , . . . ,a' d ). Let 
bi,...,b n generate o. Then p is a minimal prime ideal of (ai, . ..,a&,b\,.. .,b n ), and hence 
has height < d + n. □ 

We now use dimension theory to prove a stronger version of "generic flatness" (10. 13). 

Theorem 19.9 (Generic freeness). Let A be a noetherian integral domain, and let B 
be a finitely generated A-algebra. For any finitely generated B -module M , there exists a 
nonzero element a of A such that M a is a free A a -module. 



20 REGULAR LOCAL RINGS 



89 



PROOF. Let F be the field of fractions of A. We prove the theorem by induction on the 
Krull dimension of F <8>^ B, starting with the case of Krull dimension —1. Recall that this 
means that F ®a B = 0, and so als = for some nonzero a e A. Then M a = 0, and so 
the theorem is trivially true (M a is the free ^-module generated by the empty set). 

In the general case, an argument as in (10.14) shows that, after replacing A, B, and M 
with A a , B a , and M a for a suitable a e A, we may suppose that the map B F <8U B 
is injective — we identify B with its image. The Noether normalization theorem (6.26) 
shows that there exist algebraically independent elements x\ , . . . , x m of F <8>^ B such that 
F <8U B is a finite F[x\,.. . ,x m ]-algebra. As in the proof of (10.13), there exists a nonzero 
a € A such that B a is a finite A a \x\, ... ,x m ] -algebra. Hence M a is a finitely generated 
A a [x\ , . . . , jc m ]-module. 

As any extension of free modules is free 24 , Proposition 3.5 shows that it suffices to 
prove the theorem for M a = A a [x\, . . . ,x m ]/p for some prime ideal p in A a [x\,... ,x m \. If 
p = 0, then M a is free over A a (with basis the monomials in the xf). Otherwise, F &>a 
(A a [xi , . . . ,x m ]/p) has Krull dimension less than that of F ®a B, and so we can apply the 
induction hypothesis. □ 

20 Regular local rings 

Throughout this section, A is a noetherian local ring with maximal ideal m and residue field 
k. The Krull dimension d of A is equal to the height of m, and 

(19.5) (311) 
ht(m) < minimum number of generators of m = dim^(m/m ). 

When equality holds, the ring A is said to be regular. In other words, dim^(m/m 2 ) > d, 
and equality holds exactly when the ring is regular. 

For example, when A has dimension zero, it is regular if and only if its maximal ideal 
can be generated by the empty set, and so is zero. This means that A is a field; in particular, 
it is an integral domain. The main result of this section is that all regular rings are integral 
domains. 

Lemma 20.1. Let A be a noetherian local ring with maximal ideal m, and letc € m \ m 2 . 
Denote the quotient map A — > A' = A /(c) by a h >- a'. Then 

dim^m/m 2 = dim^m'/m' 2 + 1 

where m' = m/ (c) is the maximal ideal of A'. 

Proof. Let ei,...,e n be elements of m such that {gj , . . . , e' n } is a A>linear basis for m' /m' 2 . 
We shall show that {e\, . . . ,e n ,c} is a basis for m/m 2 . 

As e[ e' n span m' /m' 2 , they generate the ideal m' (see 3.11), and so m = (e\ , . . . , e n ) + 

(c), which implies that {e\,..,,e n ,c} spans m/m 2 . 

Suppose that ct\ , . . . , a n +i are elements of A such that 

a\e\-\ \-a n e„ +a„j r \c = mod m 2 . (50) 

24 If M' is a submodule of M such that M" = M/M' is free, then M « M' ffi M" . 
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Then 

a\e' x H \-a'n e 'n — ® m °d m ' 2 ' 

and so a[, . . . ,a' n em'. It follows that a\,...,a n em. Now (50) shows that a n + 1 c e m 2 . 
If a n +i m, then it is a unit in /I, and c e m 2 , which contradicts its definition. Therefore, 
a n +\ € m, and the relation (50) is the trivial one. □ 

Proposition 20.2. If A is regular, then so alsois A/(a) for any a e m^m 2 ; moreover, 
dimA = dim^/(a) + 1. 

Proof. With the usual notations, (19.8) shows that 

ht(m')<ht(m)<ht(m') + l. 

Therefore 

dim^m'/m' 2 ) > ht(m') > ht(m) - 1 = dim^m/m 2 ) - 1 = dim^m'/m' 2 ). 

Equalities must hold throughout, which proves that A' is regular with dimension dim A — l. n 

Theorem 20.3. Every regular noetherian local ring is an integral domain. 

PROOF. Let A be a regular local ring of dimension d. We have already noted that the 
statement is true when d = 0. 

We next prove that A is an integral domain if it contains distinct ideals oDp with o = (a) 
principal and p prime. Let b e p, and suppose that b e a" = (a n ) for some n>\. Then 
b = a n c for some c e A. As a is not in the prime ideal p, we must have that c 6 p C o, and 

so b € a". Continuing in this fashion, we see that b e H„ a" = {0}. Therefore p = {0}, 
and so A is an integral domain. 

We now assume d > 1, and proceed by induction on d. Let a € m^m 2 . As ^4/ (a) is 
regular of dimension d — 1, it is an integral domain, and so (a) is a prime ideal. If it has 
height 1 , then the last paragraph shows that A is an integral domain. Thus, we may suppose 
that, for all a e m \ m 2 , the prime ideal (a) has height 0, and so is a minimal prime ideal 
of A. Let S be the set of all minimal prime ideals of A — recall (§17) that S is finite. We 
have shown that m v m 2 C |J{p | p 6 S}, and so m C m 2 U [J{p | p e S}. It follows from 
Proposition 2.7 that either m C m 2 (and hence m = 0) or m is a minimal prime ideal of A, 
but both of these statements contradict the assumption that d > 1 . □ 

COROLLARY 20.4. A regular noetherian local ring of dimension 1 is a principal ideal 
domain (with a single nonzero prime ideal). 

PROOF. Let A be a regular local ring of dimension 1 with maximal ideal m, and let a be 
a nonzero proper ideal in A. The conditions imply that m is principal, say m = (t). The 
radical of a is m because m is the only prime ideal containing a, and so a D m r for some 
r (by 3.16). The ring A/m r is local and artinian, and so a = (t s ) + m r for some s > 1 (by 
7.8). This implies that o = (t s ) by Nakayama's lemma (3.9). □ 

Theorem 20.5. Let A be a regular noetherian local ring. 

(a) For any prime ideal p in A, the ring Ap is regular. 

(b) The ring A is a unique factorization domain (hence is integrally closed). 

Proof. Omitted for the moment. □ 

The best proof uses homological methods. See May, RegularLocal.pdf or Matsumura 
1986 19.3, 20.3. 
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21 Completions 

Let A be a ring and a an ideal in A. For any ^-module, we get an inverse system of quotient 
maps 

M/aM <r- M/a 2 M < «- M/a n M < 

whose limit we define to be the a-adic completion M of M: 

M = \\mM/a n M. 

For example, the a-adic completion of A is 

l=lim^/o n . 

n 

We now explain why this is called the completion. Let M be an ^-module. A filtration 
on M is a sequence of submodules 

M = M D • • O M„ D • • • . 

Lemma 21.1. Let (M n ) ne ^ be a filtration on an A-module M. There is a unique topology 
on M such that, for each x e M, the set {x + M n \ n e N} is a fundamental system of 
neighbourhoods for x. The completion M of M relative to this topology is canonically 
isomorphic to hm M/ M n . 

PROOF. The first statement is obvious. For the second, recall that M consists of the 
equivalence classes of Cauchy sequences in M. Let (m„)n€N be a Cauchy sequence. For 
each n, the image of m ; - in M/ M n becomes constant for large i — let fh n denote the constant 
value. The family {m n )nen depends only on the equivalence class of the Cauchy sequence 
(m n )n&i, and 

[(mn)] ^ (m„):M -> Hm M/M„ 
is an isomorphism. □ 

Let A be a ring and let a be an ideal in A. A filtration (M n ) n€ ^ on an ^-module M is 
an a- filtration if aM n C M n +i for all n. An a-filtration is stable if aM n = M n +\ for all 
sufficiently large n. 

Lemma 21.2. Any two stable a-hltrations on an A-module M define the same topology on 
M. 

PROOF. It suffices to show that a stable a-filtration (M n ) n€ n defines the a-adic topology 
on M. As aM n C M n +\ for all n, we have that a n M C M n for all n. For some no, 
aM n = M n+ \ for all n > no, and so M n+ „ = a n M„ C a n M. □ 

Lemma 21.3 (Artin-Rees). If A is noetherian and M is finitely generated, then, for any 
A-submodule M' of M, the filtration (M' n a"M) nen on M' is a stable a-filtration. 

Proof. Omitted for the moment. □ 

Proposition 21.4. For every noetherian ring A and ideal a, the functor M v> M is exact 
on finitely generated A-modules. 
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Proof. Let 

M' -> M -+ M" -> 
be an exact sequence of A -modules. For each n, the sequence 

-» M' n a n M -> a"M ->■ o"M" - 







is exact, and so 

->■ M'/(M' n a"M) M/a n M M"/a n M" ->■ 
is exact. On passing to the inverse limit, we obtain an exact sequence 
-> lim M'/(M' n o"M) -» M -> M" 0, 

but the last three lemmas show that lim M' I (M' D a n M) is the a-adic completion of M'. n 

•< — « 

PROPOSITION 21.5. For every ideal o in a noetherian ring A and finitely generated A- 
module M , the homomorphism 



fl®/«H> am: A® & M M 



is an isomorphism. 



PROOF. In other words, when A is noetherian, the functors M v> A <g> M and M v> M 
agree on finitely generated ^4-modules M. This is obvious for M = A, and it follows for 
finitely generated free ^-module because both functors take finite direct sums to direct sums. 
Choose a surjective homomorphism A m M , and let TV be its kernel. The exact sequence 

gives rise to a exact commutative diagram 



A® A N 



-> N 



-> A r 



A® A M 



-> 



-> 







Because the middle vertical arrow is an isomorphism, the arrow b is surjective. But M 
is arbitrary, and so the arrow a is also surjective, which implies that the arrow b is an 
isomorphism. □ 

Proposition 21.6. For every noetherian ring A and ideal a, the a-adic completion A of A 
is a flat A-algebra. 

PROOF. It follows from (21.4) and (21.5) that A <S>a — is exact on finitely generated A- 
modules, but this implies that it is exact on all ^-modules. □ 
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